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KAREL CASTEELS 

Abstract. We study, from a combinatorial viewpoint, the quantized 
coordinate ring of m x n matrices over an infinite field K (also called 
quantum matrices) and its torus-invariant prime ideals. The first part 
of this paper shows that this algebra, traditionally defined by generators 
and relations, can be seen as subalgebra of a quantum torus by using 
paths in a certain directed graph. Roughly speaking, we view each gen- 
erator of quantum matrices as a sum over paths in the graph, each path 
being assigned an element of the quantum torus. The quantum matri- 
ces relations then arise naturally by considering intersecting paths. This 
viewpoint is closely related to Cauchon's deleting-derivations algorithm. 

The second part of this paper is to apply the paths viewpoint to the 
theory of torus-invariant prime ideals of quantum matrices. We prove 
a conjecture of Goodearl and Lenagan that all such prime ideals, when 
the quantum parameter g is a non-root of unity, have generating sets 
consisting of quantum minors. Previously, this result was known to hold 
only for char(]K) = and q transcendental over Q. Our strategy is to 
show that the quantum minors in a given torus-invariant ideal form a 
Grobner basis. 



1. Introduction 

There has been much interest over the past decade in understanding the 
structure of the prime and primitive spectra of various "quantum" alge- 
bras. Arguably the most important progress in this direction is the Ti- 
Stratification Theory of Goodearl and Letzter [12j (see also [I]). Briefly, 
many noncommutative rings support a rational action of a torus 7i which 
allows one to partition the prime spectrum of the ring into finitely many 
%- strata, each ?^-stratum homeomorphic (with respect to the usual Zariski 
topology) to the prime spectrum of a Laurent polynomial ring in finitely 
many commuting indeterminates, and each containing a unique ?^-invariant 
prime ideal. Moreover, the primitive ideals of the algebra are precisely those 
that are maximal within their ?^-stratum. Thus, an important first step to- 
wards understanding the prime and primitive spectra is to first study the 
?^-invariant prime ideals called %-primes. 

The quantized coordinate ring of m x n matrices over an infinite field IC, 
also simply called (m x n) quantum matrices and denoted Oq{Mrn,n{^)), 
has received particular attention as this algebra underlies many of the "clas- 
sical" quantum groups, e.g., the quantum special and general linear groups, 
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the quantum Grassmannian, etc. Moreover, while this algebra has a seem- 
ingly simple structure (for example, it is an iterated Ore extension over the 
field K), many problems have proven difficult to resolve. In particular, the 
machineries employed to analyze spec{Oq{J^rn,n{^))) have tended to use 
fairly sophisticated viewpoints from noncommutative ring theory and rep- 
resentation theory. One of the purposes of this paper is to develop a "blue 
collar" approach to quantum matrices using combinatorics. We will describe 
this approach later in this section. 

The "H-stratification theory applies to quantum matrices in the generic 
case, i.e., when the parameter g is a non-root of unity, and so a natural 
problem is to find generating sets for the ?^-primes. For 2x2 quantum 
matrices, this problem is fairly straightforward, yet even the 3x3 case 
required a significant amount of work by Goodearl and Lenagan [9l llOj . 
However, in all cases the generating sets consisted of quantum minors and 
so it was conjectured that this held true in general. 

The next significant step in the program to understand the prime spec- 
trum of Oq{M.m,n{^)) IS the deleting derivations algorithm of Cauchon [4, 5j. 
Roughly speaking, this procedure shows that in many cases, including quan- 
tum matrices, one may embed the set of ?^-primes of a given quantum alge- 
bra into the set of 'H-primes of a quantum affine space. This is convenient 
since quantum affine spaces are typically easy to handle thanks to results 
of Goodearl and Letzter [11]. For quantum matrices, this allows one to 
obtain a combinatorial description of ?^-primes using what are now known 
in the quantum algebra community as Cauchon diagrams. Perhaps surpris- 
ingly, these diagrams arose independently in work of Postnikov [T7] through 
his investigations of the totally nonnegative Grassmannian. In this context, 
Cauchon diagrams are called J-diagrams (also Le-diagrams) and have been 
investigated by several authors (see Lam and Williams [T3j and Talaska [18] 
in particular). The connections between these two areas and Poisson geom- 
etry have been explored by Goodearl, Launois and Lenagan [8]. 

Using Cauchon's theory, Launois [141 [TS] was the first to prove Goodearl 
and Lenagan's conjecture under the constraints K = C and q transcendental 
over Q. This was later extended to any K of characteristic zero |7j. Launois 
also described an algorithm to find the generators, but the calculations in- 
volved very quickly become unwieldy. A graph theoretic interpretation of 
Launois' algorithm was provided by the author of the current paper [3]. This 
latter work forms the starting point for some of the results presented below. 
In fact, much of Section [3] can be interpreted as a combinatorial interpreta- 
tion of Cauchon and Launois' work. Section [2] describes their work, as well 
as the ^-stratification theory. 

Finally, let us also mention that Yakimov [20\ [T9] has developed repre- 
sentation theoretic methods to great success. In particular, he has indepen- 
dently verified (and generalized) Goodearl and Lenagan's conjecture, but 
again, only under the constraint that char(]K) = and q transcendental 
over Q. Furthermore, the generated sets Yakimov obtains are smaller than 
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Launois'. It is unclear how Yakimov's work relates to the viewpoint used 
in this paper, however, recent work of Geiger and Yakimov [6] explore the 
connections between Yakimov's work and Cauchon's, and so there is quite 
likely a close relationship. It should be added that Goodearl and Lenagan 
also conjectured that should a generating set of a given ?^-prime consist of 
quantum minors, then these minors can be arranged to form a polynormal 
sequence (see [T]). Yakimov also proved this part of the conjecture under 
the above constraints on K and g, and additionally showed that if q not a 
root of unity, then there exists a polynormal generating set, but one that 
may not consist of quantum minors. We do not address this part of the 
Goodearl-Lenagan conjecture in this paper. 

As noted above, the approach we take towards quantum matrices is combi- 
natorial. Recall that the usual description of Oq{M.m,n{]^)) is by generators 
and relations. Section [3] begins by giving a directed graph whose edges are 
"weighted" by elements of a quantum torus. Using these weights, we ascribe 
to a directed path in the graph an element of the quantum torus. We may 
then discuss various subalgebras of the quantum torus generated by sums 
over paths weights. The main result of Section [3] is that quantum matrices 
can be obtained in this manner. In fact, we do a bit more: given an ?^-prime 
K, we show that Oq[M.m,n{]^)) / K is also such a subalgebra. This provides 
a nice combinatorial framework to understand the "H-primes. 

That the "paths" view of quantum matrices is more than a mere curiosity 
is demonstrated by the bulk of this paper. Section HI The main result here 
is Corollary 14. 5. H a proof of Goodearl and Lenagan's conjecture for any 
infinite field K and g £ K* not a root of unity. Moreover, the generating 
sets we obtain are, in general, smaller than required in the conjecture. In 
Section 14.11 we recall the notion of quantum minors and the results of [3] 
that allow us to visualize a quantum minor as a sum over sets of vertex- 
disjoint paths. Our main result will follow from Theorem 14.4.11 in which we 
show that the quantum minors in a given 'H-prime form a Grobner basis. 



2. Quantum Matrices 

This section reviews the relevant background needed for this paper. Some 
of the basic theory of quantum matrices and closely related algebras is pre- 
sented in Section [2.11 We then describe how Cauchon's deleting derivations 
algorithm (Section 12. 2p and the 'H-stratification theory (Section 12. Sp apply. 
Also in Section 12.31 we introduce the notion of Cauchon diagrams which 
play a fundamental role throughout this paper. 

We first set some data, notation and conventions that are used throughout 
this paper. 

• Fix: an infinite field IK, integers m, n > 2, and a nonzero, non-root 
of unity g G K. 

• For a positive integer k, we set [k] = {1,2,..., k}. 
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• The set oimxn matrices with integer entries is denoted by A^m,n(^)- 
The subset of Alm,n(^) consisting of matrices with non-negative 
entries is denoted by A^m,n(^>o)- 

• The (z,j)-entry of a matrix N £ M^^^i'^) is denoted by {N)ij, 
and is caUed the coordinate of this entry. In view of this, the 
elements of [m] x [n] are called coordinates. 

• We may describe relative positions of entries or coordinates using 
common terms such as north, northwest etc. For example, is 
northwest of (r, s) if i < r and j < s, and north if j = s. 

• We omit braces when taking the union of a set and a single element 
or removing a single element from a set. For example, we write 
IU{i} = lUi and I\{i} = I\i. 

Remark 2.0.1. The restriction m,n > 2 is made simply to avoid some 
inconveniences in various definitions that would occur if m = 1 or n = 1. 
Fortunately, it is already known that all results presented in this paper hold 
when m = 1 or n = 1 since in these cases all algebras of this paper reduce to 
a certain quantum affine space, and such algebras can be dealt with using 
results of [TT] . 

2.1. The Algebras 

Definition 2.1.1. The lexicographic order on [m] x [n] is the total order < 
obtained by setting 

(i,j) < {k, i) ^ i < k, or, i = k and j < L 

If (i, j) G [m] X [n], then {i,j)~ denotes the largest element less than 
with respect to the lexicographic order. 

For example, the lexicographic order on [2] x [3] satisfies 

(1,1) < (1,2) < (1,3) < (2,1) < (2,2) < (2,3). 

The symbol used for the lexicographic order on [m] x [n] is, of course, an 
abuse of the usual meaning of < with respect to integers. We will use both 
meanings in this paper, the intended of which will be clear from the context. 

Note 2.1.2. All references in this paper relating to an ordering of [m] x [n] 
are with respect to the lexicographic order. 

Remark 2.1.3. While the choice of lexicographic order suffices for our 
purposes, it is not quite necessary. To explain, suppose we index, in the 
usual manner, the squares of an m x n grid using [m] x [n]. Then all results 
of this paper hold, with appropriate modification, using any total order on 
[m] X [n] that satisfies the property that for every positive integer t € [mn] , 
the t smallest elements of [m] x [n] with respect to this order form a Young 
diagram. 

The lexicographic order is here fixed so as to simplify notation, to match 
the ordering used in the literature, and since there does not yet seem to be 
any advantage in considering a different order. 
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The algebras in the next definition each have a set of generators indexed 
by the coordinates of [m] x [n]. It is convenient to place these generators 
as the entries of an m x n matrix that we call the matrix of (standard) 
generators. 

Definition 2.1.4. Let t G [mn] and set (r, s) to be the t^^ smallest coordi- 
nate. Define ii^*^ to be the K-algebra with the m x n matrix of generators 
X = [xij] subject to the following relations. If 

a b 
c d 

is any 2x2 submatrix of X, then: 

(1) ab = qba, cd = qdc; 

(2) ac = qca, bd = qdb; 

(3) be = cb; 

(4) ad - 1^°^' if d = Xk/ and {k, £) > (r, s); 

]da + {q — q~^)bc, if d = x^/ and (A;, I) < (r, s). 

Example 2.1.5. If m = 2, n = 3 and t = 5, then (r, s) = (2,2) and R^^'^ 
has matrix of generators 

Xl,l Xi^2 Xi^3 
X2,l X2,2 X2,3_ 

The relations corresponding to Part 4 of Definition 12.1.41 are 

2^1, 1X2,2 = 2;2,22;i,i + (q - q~^)xi^2X2,l 
Xl, 1X2,3 = X2,3Xl,l 
Xl,2X2,3 = X2,3Xl,2- 

The two extremities in the collection of i?*-*-* are of the most interest to 
us. 

Notation 2.1.6. With respect to the notation in Definition 12.1.41 

(1) If t = 1, then in Part 4 of Definition 12.1.41 we always have 

ad = da. 

We call this algebra mxn quantum affine space, which we also denote 
by The standard generators of ©^(IK'"^") will usually 

be labeled by tij for E [m] x [n]. 

(2) If t = mn, then in Part 4 of Definition 12.1.41 we always have 

ad = da + {q — q~^)bc. 

This algebra is the quantized coordinate ring of mxn matrices over 
K, denoted by Oq{AArn,niJ^)) and simply referred to as {mxn) quan- 
tum matrices. 
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(3) The localization of ii^^) = Og(]K"'<") with respect to the multiplica- 
tive set generated by the standard generators tij is called the (m x n) 
quantum torus Oq{{K^)"^^"-). 

In later sections, we will need to intimately work with monomials in the 
standard generators of R^^\ so we here set some notation in this respect. 
For the remainder of this section, fix t G [mn] and let [xij] be the matrix of 
standard generators for R^^\ 

Notation 2.1.7. If iV G Mm,n{'^>o), then we write 

— 1,2 ^m,n -'I- 

If (r, s) is the t^^ smallest coordinate, then similar notation will be used 
when the t^^ entry of is negative, in which case x'^ IS 
essential to notice here that the generators in x'^ are always written from 
left to right so that the indices obey the lexicographic order from smallest 
to largest. Such an ordered monomial will be called a lexicographic term. 

It is not difficult to write each R^^^ as an iterated Ore extension which 
immediately gives some nice properties. 

Theorem 2.1.8. The following properties hold for every t S [mn]. 

(1) is a Noetherian domain. 

(2) As a IK-vector space, i?^*-* has a basis consisting of the lexicographic 
terms with N G A4m,n{'^>o) ■ The same properties also hold for 
the m X n quantum torus (but with N € A4m,n{'^) )■ D 

Definition 2.1.9. For a S R^^\ the (unique) linear combination of distinct 
lexicographic terms with with nonzero coefficients that equals a is called the 
lexicographic expression of a. We will say that a lexicographic term appears 
in a if it is a term in the lexicographic expression of a with a nonzero 
coefficient. 

For = (!)g(]K™>^"), we will require a slight extension of Theorem l2.1.81 
If t is any monomial in the standard generators, then we may commute the 
generators in t to get a lexicographic term t*^''"' where t = q^t^^^°^ for some 
integer r and M^^^ G Mm,n{^>o)- Since q^ ^ 0, the next result follows 
easily. 

Proposition 2.1.10. For any coordinate {r,s), the set of lexicographic 
monomials o/ Oq(IfC™^") involving only tij with {i,j) > {r,s) is linearly 
independent over the subalgebra generated by the tij with {i,j) < {r,,s). 
Moreover, for a set {ti,t2, . . . ,t£} of monomials in the standard generators 
of OqiW^^"^), the following are equivalent. 

(1) The set {ti,t2, . . . is linearly independent over K. 

(2) The set {t^ ^ ) *2 ^ ^ } linearly independent over K. 

(3) The matrices M}^^, . . . , Mf"" are distinct. 
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A similar set of statements hold for the m x n quantum torus. □ 

We conclude this section by noting that i?^*-* has a natural Z>(^"-grading 
that will be quite useful in the proof of Theorem 14.4.11 If 

s = (ri,r2, . . . ,rm,ci,C2, . . . , c„) G (Z>o)''""^"', 

then the homogeneous component of degree s is the subspace of R^^^ spanned 
by the lexicographic monomials of the form a;^, where N satisfies 

n 

^^(A^)ij = Tj, for all i € [m], and 
i=i 

m 

^^(A^)jj = Cj, for all j G [n]. 

i=l 



In other words, the sum of all entries in row i of N equals rj, and the sum 
of all entries in column j of equals cj. All references in this paper to a 
grading on will be with respect to this grading. 

2.2. The Deleting Derivations Algorithm. The relationship between 
and has been studied by Cauchon [U [5] special case of a 

more general theory. Here, we review his results as they apply to these 
algebras. For each result in this section, we fix t G [mn] with t 7^ 1, let (r, s) 
denote the t^^ smallest coordinate, and let [xij] be the matrix of generators 
of -R^*) and [vij] the matrix of generators for R^^~^\ All results are due to 
Cauchon. 

Theorem 2.2.1. 

(1) The multiplicative set generated by Xfg IS Qj left and right Ore set for 
R^^\ and the multiplicative set generated by y^^s is a left and right 
Ore set for iJ^*"^). 

(2) There is an injective homomorphism 

defined on the standard generators by 

if i < r and j < s; 



otherwise. 



(3) There is an injective homomorphism 

^ : iiW ^ [y-l] 
defined on the standard generators by 



^ ^ ivij + yi,syr,lyr,j, ifi <r and j < s; 
' yij otherwise. 
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(4) [x-l] = [y-j] . □ 

The homomorphism in Theorem 12.2.11 (2) is cahed the deleting deriva- 
tions map. We call the homomorphism in Theorem 12.2.11 (3) the adding 
derivations map. (This map is called the "reverse deleting derivations map" 
in [H], and the "restoration" algorithm in [8].) 

The strategy of Cauchon's theory is to use these maps to iteratively trans- 
fer information between R(^'> = 0,(1^™^") and ii^""") = Og{Mm,nO^))- For 
example, we describe how Cauchon used this idea to embed the prime spec- 
trum of the latter algebra into the prime spectrum of the former. 

Recall that spec(A) denotes the set of prime ideals of an algebra A 
equipped with the usual Zariski topology. With notation as in Theorem l2.2.H 
observe that we can always partition spec(i?^*^) as 

spec(i?W) = spec^ U spec 

where 

spec^(i2(*)) = {Pe spec(i?(*)) | Xr,s P}, 

and 

spec^(i?W) = {P e spec(i?(*)) | Xr,s G P}- 
Theorem 2.2.2. There exists an injective map 

(t)t : spec(i?W) ^ spec(ii(*-^)) 

satisfying the following properties. 

(1) Restricted to spec^(i?^*^), 4)t is bijective, sending P G spec^(i?'^*'*) to 

0i(P) = ^[y-i]ni?(*-i). 

IfQe spec^(i?(*-i)), then 

0,-i(Q) = 3Kl]ni?w. 

(2) Restricted to spec^(i?(*^), (pt is injective, sending P G spec^(i?(*)) to 

MP)=9'HP/{Xr,s)), 

where g : ii^*"^) R^*^/{xr,s) is the unique homomorphism that 
maps the standard generators as yij i-^ Xij + (xr^s)- D 

If P G spec^(i?''*-*), then the next lemma provides a useful tool to identify 

MP)- 

Lemma 2.2.3. One has Q G spec^ with Q = MP) for some P G 

spec^(i?'^*)) if and only if R^^^P ~ R^*^^^ /Q under the homomorphism 

defined by Xij + P i-^ yij + Q. □ 
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2.3. "H-Stratification. For many quantum algebras, including the R^^\ the 
structure of the prime spectrum may be understood by first understanding 
the prime ideals that are invariant under a rational action of an algebraic 
torus Ti. For R^^^ with matrix of generators [xij], let Ti = (K*)"^"'"" and 
note that every h = {pi, . . . , pm,^i, ■ ■ ■ ,^n) £ 'H induces an automorphism 
of by 

Definition 2.3.1. An Ti-prime is a prime ideal K G spec(i?*^*^) such that 
h ■ K = K for all h G %. The set of all 'H-primes of i?*^*-* is denoted 
T-L-spec{R^^^). The H-stratum associated to an ?^-prime K is the set 

spec^ = {P G spec(pW) I f]h-P = K}. 

hen 

Theorem 2.3.2 (Goodearl-Letzter [E]). For every t G [mn], there are 
finitely many T-L-primes in T-L-spec{R^^^), and 

spec(pW) = y spec^ 

Ken-spcc{RW) 

□ 

Remark 2.3.3. Theorem 1 2 . 2 . 1 1 and Theorem 12.3.21 are where it is necessary 
to require g to be a nonzero, non-root of unity. We also note here that the 
?^-primes are well-known to be homogeneous ideals. 

The "H-primes of P^^-* = Oq(K"^^^) have generating sets of a simple form. 

Theorem 2.3.4 (Goodearl-Letzter [H]). A prime ideal K G spec(P'^^^) is 
an Ti-prime if and only if there exists a B Q [m] x [n] such that 

K={tij I ii,j)£B). 

□ 

It is convenient to describe these "H-primes by using diagrams. 

Definition 2.3.5. An m x n diagram is an m x n grid of squares, each 
square colored either black or white. 

We index the squares of a diagram in the usual way, i.e., as one would an 
m X n matrix. If 

K = {tij I {i,j) G P) G ?^-spec(p(i)) 

for some B C [m] x [n], then we define the diagram corresponding to K as 
that for which the black squares are precisely those (i,j) G B. Conversely, 
any diagram defines a subset B C [m] x [n] corresponding to the indices 
of the black squares, and therefore a corresponding K G 7^-spec(P^^^). We 
henceforth identify a diagram with the corresponding subset P C [m] x [n] . 
See Figured] for an example. 

Fortunately, the deleting derivation map behaves nicely with respect to 
H-primes. 
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Figure 1. A 3 x 4 diagram corresponding to the "H-prime 
(ii,i,i2,i,i2,3) G^-spec(C)g(K3x4)). 

Theorem 2.3.6 (Cauchon [1]). For every t € [mn], t ^ 1, the map (pt 

injects H-spec{R^^^) into H-spec{R^^~^^). Consequently, the composition 

= 02 o • • • 0„„ 

is an injection of n-spec{Og{Mm,ni^))) ^^^o 'H-spec(Og(IfC'"^")). □ 

In view of the strategy mentioned in Section 12.21 a natural problem is to 
identify the diagrams of those "H-primes in •H-spec(i?(i)) ^i^g^^ 

are the images 

of ?^-primes in T-L-spec{R^"^"'^) under (j). 

Definition 2.3.7. A diagram is a Cauchon diagram if, for any given black 
square, either every square to the left or every square above is also black. 

Figure [2] is an example of a Cauchon diagram, while the diagram in Fig- 
ure [1] is not a Cauchon diagram since the black square in position (2, 3) has 
a white square above and a white square to its left. 




Figure 2. A 3 x 4 Cauchon diagram. 

Theorem 2.3.8 (Cauchon [5j). A diagram is a Cauchon diagram if and 
only if the corresponding Ti-prime in ?^-spec(i?(i)) is the image under (p of 
an H-prime in T-L-spec{R^"^"'^). □ 

3. Quantum Matrices by Paths 

Let i? be a Cauchon diagram, and, by Theorem 12.3.81 consider the cor- 
responding H-prime K of Og{Mrn,nO^))- With the notation of Section \T3\ 
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the image of K under the composition (pt+i o ■ ■ ■ o (pmn is an ?^-prime Kt of 
. The goal of this section is to explain how i?^*) / Kt is isomorphic to a 
subalgebra A^^ of the quantum torus ©^((IK^ )™^"') defined by considering 
paths in a directed graph depending on B. In particular, when i? = 0, we 
obtain a combinatorial description of Og(A^m,n(lJ^))- 

This section is organized as follows. Section 13.11 describes the directed 
graph we will use to define the algebras . We then show how to associate 
an element of ©^((K^ )™'^") to edges and paths in this graph and conclude 
by discussing how the elements of ©^((K^)"^^") associated to certain paths 

relate. Section [3^2] defines the algebras A^^ and Section [331 proves that each 
A^^ is indeed isomorphic to R^^^ /Kt. 

3.1. Graphs and Paths. 

Definition 3.1.1. To a Cauchon diagram B we construct a directed graph 
G^^" called the Cauchon graph as follows. The vertex set consists of white 
vertices 

W = (H X [n])\B, 

together with row vertices R = [m], and column vertice^ C = [n]. The set 
of directed edges E consists precisely of those in the following list. 

(1) If {i,j), ii,j') G W are distinct white vertices with j > j' and such 
that there is no white vertex {i,j") for any j' < j" < j, then we 
make an edge from {i,j) to {i,j'); 

(2) If {i,j), {i' ,j) € W are distinct white vertices with i < i' such that 
there is no white vertex {i",j) for any i < i" < i' , then we make an 
edge from {i,j) to {i',j); 

(3) For i € i?, we make an edge from i to where j is the largest 
integer such that {i,j) € W (if such a j exists); 

(4) For j £ C, we make an edge from {i,j) to j where i is the largest 
integer such that {i,j) € W (if such an i exists). 

There is a natural way to embed a Cauchon graph in the plane by placing 
it "on top" of the diagram B as follows. The white vertices are placed at 
the centers of the corresponding white squares, the row vertices to the right 
of the corresponding diagram row, and the column vertices underneath the 
corresponding diagram column. An example is illustrated in Figure [3j We 
call this the standard embedding. We will refer to aspects of a Cauchon 
graph using common directional term^ with the understanding that these 
are with respect to the standard embedding. Of fundamental importance 
is the next easy result which will be implicitely referred to throughout this 
paper. 



There is ambiguity between labels of the row and column vertices, but the type of 
vertex we mean will always be explicitly stated. 

^For example, horizontal, vertical, above, below, northwest, etc. 
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(1,2) 



■• 1 



(2,1) 



,(2,2) 



• i- 



,(3,1) 
• i 



,(3.2) 
> < 



(3,3) 



■• 3 



• 1 



Figure 3. The graph G^^^, embedded on top of the 3x3 
Cauchon diagram B = {(1, 1), (1, 3), (2, 3)}. 



Proposition 3.1.2. The standard embedding of a Cauchon graph is planar, 
i.e., has no crossing edges. □ 

We make a connection between elements of the quantum torus and Cau- 
chon graphs by associating an element of the quantum torus to any directed 
path. 

Definition 3.1.3. A directed path in G^^" is a sequence P = {vq, vi, . . . , Vk) 
of distinct vertices such that there exists an edge in G^^" directed from Vi-i 
to Vi for all z € [k]. Naturally, we say that P starts at vq and ends at Vk- 

For example, in Figure El P = (1, (1, 2), (2, 2), (2, 1), (3, 1), 1) is a directed 
path starting at row vertex 1 and ending at the column vertex 1. On the 
other hand, P = (2, (2, 2), (1, 2)) is not a directed path since there is no edge 
directed from (2,2) to (1,2). 

Note 3.1.4. All references to a "path" in a Cauchon graph implicitely mean 
a "directed path" unless otherwise stated. 

Notation 3.1.5. If P is a path that starts at vertex v and ends at vertex 
w, then we write P: v ^ w. If e is an edge directed from vertex v to vertex 
w, then we write e: v ^ w. If e is an edge between two consecutive vertices 
in a path P, then we abuse notation by writing e P. 

Definition 3.1.6. Let G^^" be a Cauchon graph. Define the function 

u;: Og((]fC^)™^") 

as follows, where the numbering and notation correspond to that of Defini- 
tion [3X1] 

(1) wie: ii,3)^ii,j')) = t-]tijr, 
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(2) w{e: = 1; 

(3) w{e: = Uj; 

(4) w{e: ^ j) = 1. 

The value w(e) of an edge e is called the weight of e. li P = {vq,vi, . . . Vk) 
is a path, and : Vi-i — > Vi, then the weight of P is 

w{P) = w{ei)w{e2) ■ ■ ■ w{ek). 



422*2,1 



t2,2 



tg 2*3,1 4^ *3,3t3,2 



*3,3 



• 1 



• 2 



• 3 



Figure 4. The graph with B = {(1, 1), (1, 3), (2, 3)}, 

and edges labeled by their weights. (Labels of white vertices 
omitted.) 



Example 3.1.7. Figure U] illustrates the graph of Figure [3] with edges la- 
beled by their weights. The weight of the path 

P= (1,(1, 2), (2,2), (2,1), (3,1), 1) 

is 

W{P) = (ti,2)(l)(t2":2i2,l)(l)(l) 
= il,2i2,2*2,l- 

It is convenient to observe that for a row vertex i and a column vertex j, 
the weight of a path P : i ^ j can be determined by looking at the sequence 
of "turns". 

Definition 3.1.8. Let P = {vq,vi, . . . ,Vk-i,Vk) be a path in a Cauchon 
graph starting from row vertex i = vq and ending at column vertex j = Vk- 

• A T-turn in P is a white vertex Vi ^ P such that the edge from Vi-i 
to Vi is horizontal, and the edge from Vi to Uj+i is vertical. 

• A d-turn in P is a white vertex Vi G P such that the edge from Vi-i 
to Vi is vertical and the edge from Vi to Vi+i is horizontal. 
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Proposition 3.1.9. Let P: i ^ j be a path in a Cauchon graph where i 
is a row vertex and j is a column vertex. If (vj^ , f , • • • , J C P is the 
subsequence consisting of all T-turns and d-turns, then 

w{P) = t.^r,H,^^---t-lj,^^. 

Proof. This follows from the definitions of edge and path weights. □ 

Example 3.1.10. For the path P in Example 13. 1.71 the vertex (1, 2) is a F- 
turn, (2, 2) is a J-turn, and (2, 1) is a F-turn, so that w{P) = {tifl){t2\){t2,i) . 
This, of course, agrees with Example 13.1.71 

Parts 1 and 2 of the next result are Lemmas 3.5 and 3.6 respectively in [3]. 
Part 3 is proven similarly. 

Lemma 3.1.11. In a Cauchon graph G^^", let {a,b) be a white vertex, i 
and k row vertices with i < k, and j and £ column vertices with j < i. 

(!) If P: i ^ (a, b) and Q: {a,b) ^ £ are paths in G^^"" with only (a, b) 
in common, then 



wiP)wiQ) 



w{Q)w{P), ifb = £, i.e., Q has only vertical edges, 
q^^w{Q)vu{P), otherwise. 



(2) If P: (a, b) j and Q: {a,b) ^ £ are paths in G^^" with only (a, b) 
in common, then 



w{P)w{Q) 



ut{Q)w{P), ifb = £, i.e., Q has only vertical edges, 
qw{Q)w{P), otherwise. 



(3) If P: i ^ (a, b) and Q : k ^ {a,b) are paths in G^^" with only (a, b) 
in common, then 

w{P)w{Q) = qw{Q)w{P). 

For the remainder of this section, fix t E [mn] and let (r, s) be the i*^ 
smallest coordinate. 

Notation 3.1.12. For a row vertex i and a column vertex j of G^^", let 

V^^{i,j) denote the set of all paths P: i — )• j in G^^"" for which vertex 
larger than (r, s) is a J-turn. 

Figure [5] is meant to clarify Notation 13.1.121 Note that while we have 
drawn a vertex (r, s) in this figure, it will not exist if (r, s) G B. The main 
theorem of this section is the following. We note that the "tail-switching" 
technique in the proof will be used again later in this paper. 

Theorem 3.1.13. Let G^^" be a Cauchon graph and i < k be row vertices 
and j,£ be column vertices where either i ^ k or j ^ £. 

(1) Ifi = k and j < £, then there exists a bijective function on F^^(i, j) x 

T^^{i,i) sending {P,Q) ^ {P,Q) such that 

w{P)w{Q) = qw{Q)w{P). 



QUANTUM MATRICES BY PATHS 



15 



Pi 



(r, s) 



P2 



ft 



«2 



«3 



'Jl 



J2 



' J3 



Figure 5. The shaded area represents ah white vertices 
greater than (r, s). (This convention will be repeated in 

later illustrations.) In this example, Pi G T^^ {ii, ji), P3 G 



r^B\hj3) hut P2^T%>{i2,j2)■ 



it), 



(2) Ifi < k and j = i, then there exists a bijective function on r^'{i,j) x 
T^l^{k,j) sending {P,Q) 1— > {P,Q) such that 

wiP)w{Q) = qw{Q)w{P). 

(3) Ifi < k and j > I, then there exists a bijective function on (i,j) x 
T^^{k,£) sending (P^Q) 1-^ {P,Q) such that 

w{P)w{Q)=w{Q)w{P). 

(4) If i < k and j < i, then: 

(a) If P £T^^\i,j), Qer'^ikJ) andPr\Q = %, then 

w{P)w{Q) = w{Q)w{P); 

(b) There exists a bijective function from the subset of {i, j) x 
ri^^(A:,^) consisting of those {P,Q) with P HQ / 0, toT''^\i,£)x 
T^^{k,j) sending {P,Q) to {P,Q) such that 

w{P)w{Q) = qw{Q)w{P). 

Proof Part 1: Let (P, Q) G r2^(z, j) x r2^(i,£). Observe that P and Q have 
a last vertex in common, say {a,b). See Figure El Therefore, we may write 
P = {Pi,P2) where Pi: i ^ (a, 6) and P2: (a, 6) j, and Q = {Qi,Q2) 
where Qi: k ^ ia,b) and Q2'- {a,b) — )• £. Define P = {Qi,P2) and Q = 
{Pi,Q2)- Notice that P is a path from i to j and that P = P, and Q is a 
path from i to i and Q = Q. Now P2 necessarily has a horizontal edge. If 
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Q2 has only vertical edges, then 
w{P)w{Q) = w{Pi)w{P2)w{Qi)w{Q2) 

= qw{Pi)w{Qi)w{P2)w{Q2) (LemmaEXni Part 1), 

= qw{Pi)w{Q2)w{Qi)w{P2) (Lemma EXm Parts !& 3,) 

= qw{Q)w{P). 

If Q2 has a horizontal edge, then 

w{P)w{Q) = w{Pi)w{P2)w{Qi)w{Q2) 

= q-^qw{Pi)w{Q2)w{P2)w{Qi) (Lemma EXJH Part 1). 
= qw{Pi)w{Q2)w{Qi)w{P2) (LemmaEXni Part 1& 3.) 
= qw{Q)w{P). 

Finally, by the construction of {P,Q) from {P,Q), the multiset of edges 
used by P and Q equals the multiset of edges used by P and Q so that 

(P,Q) G T^Si^J) X Pfi (^'^) and the map sending (P,Q) to (P,Q) is an 
involution and so a bijection. 



3 • t 



i = k 



P 



(a, 6) 



Q 



J • £ 



Figure 6. Illustration of Part 1 in the proof of Theo- 
rem 13.1.131 The left figure shows paths P (solid) and Q 
(dashed). Right figure shows paths P (solid) and Q (dashed). 



Part 2: Let {P,Q) € x {k,j). In this case, P and Q have a first 

common vertex, say {a,b). Therefore, we may write P = (Pi,P2) where 
Pi: i ^ {a,b) and P2: {a,b) — )• j, and Q = {Qi,Q2) where Qi: k ^ (0;&) 
and Q2'- {a,b) I. Define P = {Pi,Q2) and Q = {Qi,P2)- The remainder 
of the proof of this part proceeds as in Part 1 using Lemma I3.1.1H Parts 1 
and 2. 

Part 3: In this case, P and Q have a first common vertex (a, b) and a last 
common vertex (a', b'). We can write P = {Pi, P2, P3) where Pi: i (a, b), 
P2: {a,b) {a',b') and P3 : (a', 6') j. Similarly Q = {Qi,Q2,Qz) where 
Qi:k ^ {a,b), Q2: (a, 6) ^ {a',b') and Q3: {a',b') £. Define P = 



QUANTUM MATRICES BY PATHS 



17 



{Pi,Q2i P3) and Q = (Qi, -P2> Qa)- There are several possibilities obtained 
by considering whether or not P2 , P3 and Q2 consist only of vertical edges 
(or no edges at all), but in every case, the calculations will give w{P)w{Q) = 
w{Q)w{P) as well as the additional statements in Part 3. 
Part ^a; First, suppose P turns at vertex (a, 6) where a ^ k and b ^ i. 
By the commutation relations for ©^((IC^)™^"), t^^ commutes with all 

generators appearing in w{Q) except those with c = a or d = b. However, 
since a k, Q J-turns at a vertex (a, d) if and only if Q T-turns at a vertex 
{a,d') for some a < d' < d. On the other hand, tf^ commutes with t~]jta^d'- 
Also, since b ^ Q F-turns at a vertex (c, b) if and only if Q J-turns at a 
vertex (c', b) for some b < c < c' , and commutes with tc^f)t~,\. 

Next, suppose {k,d) is the first vertex at which Q F-turns and {c,i) is 
the last vertex at which Q F-turns. Notice that P J-turns at vertex (k, b) if 
and only if P F-turns at a vertex (fc, b') where b' < b < d and that t'^\tkfi' 
commutes with tk^- Similarly, P F-turns at vertex (a, t) if and only if P 
J-turns at vertex (a',£) for some a < a' < c and t~\tai/ commutes with tc/- 
These two facts combined with the previous paragraph shows imply that 
w{P) commutes with w{Q), as desired. 

Part 4b: As in Part 1, we let (a, 6) be the last common vertex in a non- 
disjoint pair of paths (P,Q) G T'§{i,j) x T'§{k,i). We then "switch" the 
tails of P and Q at (a, b) to obtain P: i i and Q: k ^ j. The remainder 
of the proof is as in Part 1. 

□ 

3.2. The Algebras . In this section we introduce, for each t € [mn] 
and Cauchon diagram B, a subalgebra yl^^ of C>g((]K^ )"^"). When 5 = 0, 
we will see that A^^ ~ Throughout this section we fix t € [mn] and 

let (r, s) be the t^^ smallest coordinate. 

Definition 3.2.1. We define to be the subalgebra of ©^((IK^)™^") 
with the m X n matrix of generators [xij] where, for each coordinate 

When 5 = we write = . 

Example 3.2.2. Consider the 2x3 Cauchon diagram B = {(1,1)}. Figure [7] 
presents two copies of the corresponding Cauchon graph, where we continue 
the illustrative convention that no path may contain a J-turn in the shaded 
region. For each t G [6], we denote by [xfj] the matrix of generators for A^j^ . 

The left graph of Figure [7] corresponds to t = 1. In this case, any path 
from row vertex 1 to column vertex 1 necessarily contains a J-turn in the 



18 



KAREL CASTEELS 



shaded region. Therefore, A^n^ has the matrix of generators 



(1) ^(1) jn 



"1,1 



X 



1,2 



.(1) ^(1) 



^^2,1 



X. 



2,2 



One may check that A^^^ = A^^' = A^^' = A^j^' . For t = 5, the Cauchon 
graph is illustrated on the right in Figure [71 In this case, there exists a 
unique path in (1, 1), so that the matrix of generators for A^ is 



'1,3 
2,3. 
(2) 



tl,2 h-s 

^2,1 ^2,2 ^2,3 



(3) 



A^^\ For t 



.(5) ^(5) ^(5)- 
'1,3 



'1,1 



'1,2 



X. 



(5) ^(5) ^(5) 
2,3. 



2,1 



^2,2 



^1,2*2, 2^2,1 ^1,2 il,3 
^2,1 ^2,2 ^2,3 



Finally, one may check that A^n^ has matrix of generators 



X 



(6) ^(6) 



1,1 



1,2 



X 



(6) ^(6) 



2,1 



2,2 



*1, 2*2, 2*2,1 + *1,3*2, 3*2,1 *1,2 + *1, 3*2,3*2, 2 *1,3 



*2,1 



*2,2 



*2,3 




•1 



• 2 



-•<r- 



• 3 



-•1 



Figure 7. Two copies of the graph G'^^-^i-jy referred to in 
Example 13.2.21 The left picture is shaded to assist the defi- 
nition of A^^\ the right picture for A^^\ 



Theorem 13.1.131 implies some commutation relations between the genera- 



tors of A 



(t) 

B ■ 



Theorem 3.2.3 (cf. Definition I2.1.4p . If X = [xij] is the matrix of gener- 
ators for , and 

a b 
c d 

is any 2x2 suhmatrix of X, then: 

(1) ah = qba, cd = qdc; 

(2) ac = qca, bd = qdb; 

(3) be = cb; 

(4) ad - 1^°^' if d = Xk/ and {k,£) > (r, s); 

\da + [q — q~^)bc, if d = Xk/ and (A;, £) < (r, s). 
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Proof. First note that for any coordinates (z, j) and 

w{P)w{Q)+ w{P)w{Q). 



(1) 



P,Q: 

PnQ=0 



Let 



a b 








c d 









be a 2 X 2 submatrix of X. 

First, consider Xij and Xi/. In this case the first sum in Equation ([T]) 

is necessarily empty, since any pair {P,Q) € r^^{i,j) x T^^{i,£) have row 
vertex i in common. Part 1 of Theorem 13.1. 131 shows that for any such pair, 
there is a unique pair {P,Q) € r^^(i,j) x r^^{i,£) such that w{P)w{Q) = 
qw{Q)w{P). Hence, Equation ([T|) imphes XijXi/ = qxi/Xij The relations 
between: Xkj and Xk/] Xij and Xkj] Xi^i and x^/; and Xij and Xkj are all 
obtained similarly. 

Now consider Xij and Xk/- If {r,s) < {k,£), then 

T^Sik,£) = {Q = ik,ik,i),i)} 

and any P G T^^{i,j) is disjoint from Q by definition of r^^(i, j). Hence 
i,j by Part 4a of Theorem 13.1.131 If {k,i) < {r,s), then by 
Equation ([T| and Part 4b of Theorem 13.1.131 we obtain 



Xi^jXl^^l — QXi^£X}i;j -\- 



w{P)w{Q). 



PnQ=(I) 



Since the weights of disjoint paths commute by Part 4a of Theorem 13.1.13^ 
it follows that XijXk/ — Xk,eXij = {q — q~^)xi/Xkj. 

□ 

The intuition behind these algebras is that one obtains j4^^ from 

be the matrix of 



by "allowing more paths." To be more precise, let [xi^jj 
generators for , and [t/ij] that of A^^ ^\ Notice that, as elements of 

Xij = Vij + Y'^iP)^ (2) 

where the sum is over all paths P: i ^ j for which (r, s) is a J-turn in P. 
If i > r, j > s, or (r, s) € B, then no such P exists and 

Xi,j — UiJ' 

On the other hand, if (r, s) ^ B and both i < r and j < s, suppose P : i ^ j 
is a path with a J-turn at (r, s). Consider w{P)w{Q), where Q = (r, (r, s),s). 
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As in the proof of Theorem l3. 1.131 we may form paths P: i ^ s and Q: r ^ 
j by "switching tails" at (r, s). Sincew {P)'w{Q) = qw{Q)w{P), multiplying 
Equation ([2]) through by yr,s = Xr,s = w{Q) gives 

One may easily check that tr^s = Xr,s = 2/r,s generates a left and right 
Ore set for A^g and vl^ ^\ (For Xr,s; this follows from the observation that 

Xijx^^^ = x^^a for some a E A^^ when Xij ^ and is northwest of 
(r, s).) Hence, we have just proved Parts 1 and 2 of the following result. 
Part 3 follows from these, and Part 4 is trivial. 

Theorem 3.2.4 (cf. Proposition 5.4.2 in [4J). The following hold. 
(1) If {r,s) B, then ^'^ is a subalgebra of 



where 

Vi,3 



Xij - Xi^s {xr,s) ^ Xr,j, if i < r and j < s; 
Xij otherwise. 



(2) If (r, s) ^ B, then A^ is a subalgebra of 
where 

^ _ \yi,j + yi,s {yr,s)~^ Vrj, m <r and j < s; 
1 Uij otherwise. 

(3) If{r,s)^B, thenA^SKl]=AV^[yr,l]- 

(4) // (r, s) € B, then = ^g"^^ . □ 

In view of Theorem 12.2.11 we may conclude the following when B = %. 

Corollary 3.2.5. For every t S [mn\ we have R^^^ ~ A^^\ where i?^*) are 
the algebras of Definition \2.1.4\ and where the standard generator of 
with coordinate maps to the generator of A^^^ with coordinate 

Hence, A^^^ ~ Oq(]fC™^"), ^('"") ~ Oq{M^^n{^)) and both the deleting 
derivations and "H-stratification theories apply to A'^^\ Moreover, we follow 
the arrow notation introduced in Section 12.21 to distinguish a generator Xj j 

of A^^ from its image in and a generator j/jj of ^\yr,]] from 

its image yij in ^^*^r--ii 
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3.3. "H-Primes as Kernels. Throughout this section we fix t € [mn] and a 
Cauchon diagram B. Denote the matrix of generators for A^^'^ by [xij] and 
the matrix of generators for A^^ by [x^j]. 

Definition 3.3.1. For t S Imn] and a Cauchon diagram B, let a^^^ : A^*) ^ 
A^^ be defined on the standard generators by 

Proposition 3.3.2. The map extends to a well-defined, surjective ho- 
momorphism. 

Proof. Recall that A^^^ has a presentation by generators Xj j- and relations as 
per Theorem 13.2.31 Since this theorem also tells us that the corresponding 
generators xf^ of A^^ satisfy the same relations, it follows by the universal 
property of presentations that cr^^ is a well-defined homomorphism. Surjec- 
tivity is then clear from the definition of cr^^ . 

□ 

The next result explains our interest in the A^^ rather than just A^^\ 
Theorem 3.3.3. One has 

ker fcjg^) G ?^-spec f A^*) 



Moreover, if t > 1, 



kerfa^'M = 4>t (ker a^'^ 



'B I - rt v^ci 

where (f)t is as in Theorem \ 2. 2. 2[ 

This theorem follows as a special case of Lemmas 5.3.1 and 5.3.2 in [1]. 
However, as it is fundamental to the remainder of this paper, we include a 
proof here for completeness. 

Proof. By Theorem 12.3.81 there is a sequence of ^-primes 

(«/l,e/2,...,e/ mn ) 

where Ji is the ?^-prime of R^^^ ~ A^-^^ corresponding to B, and 

Jt-i = (t>t{Jt) 

for every t > 1. Let 

Kt = ker (dg)) . 

We proceed by induction on t. 
When t = 1, 

Ki^Ji = {tij I e B), 
since o'^^(ijj) = if and only if {i,j) G B. 
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For a € Ki, suppose a has a lexicographic expression 

a = ^ aut^ ■ 

As the matrices M for which t'^'^ has a nonzero coefficient are distinct, we 
see that 



= 4\a) = ^aMCT^j^\t'') (3) 

M 



is a hnear combination of lexicographic terms in Oq(W^^"). Since om 7^ 0, 
Equation ([3]) holds if and only if each a^j^\t^'^) = by Proposition 12.1.101 

Since Og(]K™^") is a domain, a^j^\t^^) = if and only if there is an (i, j) € B 
with {M)ij > 1. Thus, Ki Q Ji. 

Suppose that t > 1 and i^t-i = Jt-i- Denote the matrix of generators 
for (respectively A^^ by [mj] (respectively [yfj])- Let (r, s) denote 

the t^^ smallest coordinate. There are two cases to consider according to 
whether or not (r, s) € B. 

If (r, s) € -B, then for each coordinate yfj = xf^ as elements of 

C>g((K><)™><"), so that 

Since = y^g = 0, we have x^^s G -K^t and yr^s € i^t-i, so that we may 
apply Lemma 12.2.31 and induction to see 

^t{Kt) = Kt-i = Jt-i = MJt)- 

Since (pt is injective, Kt = Jt- 

Next, suppose (r, s) B. Consider the map 



defined by 
and the map 
defined by 



~4-''--^''-%r^s\-^A%-\y?^g)-'] 
ag):^«[x-l]^4)[(x.^J-i] 



These maps are well-defined homomorphisms by reasons similar to the proof 
of Proposition 13.3.21 
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Figure 8 



It is easy to check that the diagram in Figure [8] commutes (where the 
isomorphisms are the adding derivation maps) so that 



ker fa^.(*-i) 



Since ©^((IK^ )™^") is a domain, so is , and hence Kt is a prime ideal. 
Applying Cauchon's map, induction, and Cauchon's map again we see 

Kt = iu:Xr\ = JTt n = Jt. 

For M £ Mm,n(J'>o), write M = Mq + Mi, where 



□ 



{M)ij if < (r,s); 




and Ml = M — Mq. Now, with notation as in the proof of Theorem 13. 3. 3^ 
fix a e Kt. Let M denote the set of M G M.m,n{'^>o) for which x^^ appears 
in a. Hence, for some um G IK*, we have 

EM 

( 

= E 

N&M„,,n.{1) 



Consider 



E 



\ MeM: 
\Mi=Ni 



Y: «McxW(a.^^o)|,W(,A^.) = o (4) 

I M&M: 
\Afi=Afi 
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Let N e M m,n{'^)- If there is a coordinate > {f^s) with both 

G B and {N)ij > 1, then x^^ G Kt since Xjj = tjj and a^^\xij) = 0. 
Otherwise, x'^'^ ^ 0, and the coefficient of in Equation ([4]) is an element 
of the subalgebra of Oq{(K^)^^^) generated by those tij with (i, j) < (r, s). 
By Proposition I2.1.10| it fohows that this coefficient is, in fact, zero, i.e., 
that 

^ aMX^'^> G Kt. 

MeM: 
Mi=7Vi 

The next lemma summarizes the preceding two paragraphs. 
Lemma 3.3.4. If a G Kt, then 

a = a+ a^x^^^, 

where each & Kt and a' G Kt has the property that every lexicographic 
term x^ appearing in a' satisfies x^^ G Kt, i.e., {N)ij > 1 for some 
(ij) > (r,s) and {i,j) G B. 



4. Generators of "H-Primes 

The goal of this section is the proof of Theorem 14.4. II where we show that 
an "H-prime in Ti-spec {Oq{^Am,n{^))) lias, as a left ideal, a Grobner basis 
consisting of the quantum minors it contains. That these elements also form 
a Grobner basis as a right ideal can be shown similarly. 

We begin by defining quantum minors in Section 14.11 and recalling re- 
sults of [3] that, in the cases of interest to us, show these elements have a 
particularly nice form in terms of the paths viewpoint via a g-analogue of 
Lindstroms classic lemma [16j. We follow this by recalling the basic notions 
of Grobner bases as applied to the algebras A^^^ , and finally prove the main 
result. 

4.1. Quantum Minors. Throughout this section, we fix a Cauchon dia- 
gram B, t £ [mn], let {r,s) be the t^^ smallest coordinate, and let [xij] be 
the matrix of generators for A^^ 

Definition 4.1.1. Let I = {ii < i2 < ■ ■ ■ < ik} [fn] and J = {ji < j2 < 

■ ■ ■ < jk} ^ [n] be nonempty subsets of the same cardinality. The quantum 
minor associated to / and J is the element of A^^ defined by 

where is the set of permutations of [k] and l{a) is the number of inversions 
of cj G Sk, i.e., the number of pairs i,i' G [k] with i < i' but (T{i) > o'{i'). 
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Remark 4.1.2. The defining expression for [/ | J]^g is its lexicographic ex- 
pression. More precisely, for a (z Sk, write Pa to be the mx n matrix whose 
submatrix indexed by (/, J) equals the standard k x k permutation matrix 
corresponding to a, and where all other entries of are zero. We can then 
write 

For the remainder of this section, we write [I\J] = [/| J]2^. For the 
remainder of this paper will often write "minor" to mean "quantum minor" . 

Definition 4.1.3. For / = {ii < ^2 < • • • < ik} ^ I'm] and J = {ji < 

j2 < • • • < jk} ^ [n], each {ie,ji) is called a diagonal coordinate of [/| J]. 
Moreover, {ik,jk) is the maximum coordinate of [/ 1 J]. 

As elements of ©^((IK^ )™^"), each minor whose maximum coordinate 
is at most (r, s) reduces to a particularly nice form via a q'-analogue of 
Lindstrom's Lemma. To explain, we first need to set some notation. 

Definition 4.1.4. Recall the notions and notation defined in Section [3.11 
Let / = {ii, . . . ,ik} ^ [m] and J = {ji, . . . ,jk} C [n] be such that |/| = 
|J| = k. 

(1) A vertex- disjoint path system from the row vertices / to the column 
vertices J in G^^" is a set of k mutually disjoint paths (Pi, . . . , Pk) 

where Pr G r^^(i,.,jV) for each r € [/;;]. We write 
r^^(/ I J) = {all vertex-disjoint path systems from / to J in G^^"}. 

(2) If P = (Pi, . . . , Pk) G {I\J), then the weight of V is the product 

w{V) = w{Pi)w{P2) ■ ■ ■ w{Pk) G (!)g((]Kxr>^"). 

Notation 4.1.5. If we wish to explicitly write out the elements of / and J 
in either [/ | J] or r^'*(/ | J), we will omit the braces. For example, we write 

[/ I J] = [{ii, ...,ik}\ {ji, • • • , jfc}] = [n, . . . ,ifc I ji, . . . , jfc]. 

Example 4.1.6. For the Cauchon graph of Figure [9l the path system V = 
(Pi,P2,P3) where 

Pi = (1,(1,3),(1,2),(2,2),(4,2),(4,1),1), 

P2 = (2,(2,3),(3,3),(4,3),3), 

P3 = (4, (4, 4), 4) 

is a vertex-disjoint path system in r^^^(l, 2, 3 1 1, 3, 4). In fact, it is the 
unique such vertex-disjoint path system and 

W{V) = (tl,2ti;2i4,l)(i2,3)(t4,4). 

The reader may verify that the set r^^^(l, 2 | 1, 2) is empty. 
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(1,2) (1,3) 

• < •< • 1 



(2,2)4. (2,3)i 

• i •< • 2 



(3,3)4- (3,4) 

•< •< • 3 



(4,1) (4,2)4. (4,3)4, (4,4)4- 

• < •< •< • 4 



• 1 '2 • 3 



Figure 9. The graph G^^^ with B equal to 
{(1,1), (1,4), (2,1), (2,4), (3,1), (3,2)}. 



The fohowing is the (/-analogue of a special case of Lindstrom's Lemma. 

Theorem 4.1.7 (See [3J). // [/ | J] has maximum coordinate at most (r, s), 
then, as an element of Oq{{K^)"^^"'), 



[i\j]= Yl ^(^)- 



7'erW(/|j) 



□ 



The proof in [3] deals with the case t = mn and uses a technique similar 
to the "tail-switching" method of Theorem 13.1.131 The same proof works 
here due to the assumption that the maximum coordinate of the minor is 
at most (r, s). 

Example 4.1.8. In the Cauchon graph of Figure [9l say with t = 16, there 
is no vertex-disjoint path system from {1,2} to {1,2}. Theorem 14. 1 . 71 tells 
us that [1, 2 1 1, 2] =0. This may be verified directly: 



[1, 2 I 1, 2] = Xl,lX2,2 - qXl^2X2,l 

= (*1, 2*4,2*4,1 + *1,3*2,3*2,2*4,2*4,1 + *l,3*4,3*4,l) (*2,2 + *2,3*4,3*4,2) 
— 'i'(*l,2 + *1,3*2,3*1,3*4,3*4,2)(*2,2*4^2*4,1 + *2,3*4,3*4,l) 

= 
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Similarly, if one so wishes, it may be checked that 
[1, 2, 3 I 1, 3, 4] = xi, 1X2,32:3,4 - qxi^iX2AX:^,z - Qa;i,3X2,iX3,4 - 9^X1,4X2,3X3,1 
+ 9^x1,3x2,4x3,1 + 9^x1,4x2,1x3,3 

= (il,2i4,2*4,l)(i2,3)(*3,4), 

where Pi , P2 and P3 are as in Example 14.1.61 

Clearly, Theorem 14. 1.71 is at the very least a useful time saving device. Let 
us mention one quick application: the well-known fact that in Og(A^„,„(K)) 
the quantum determinant 

Dg = [l,2...,n|l,2,...,n] 

is central. Indeed, it is easy to see that there is exactly one vertex-disjoint 
path system from [n] to [n] in namely V = {Pi, . . . ,Pn), where Pi = 

(i, for each i £ [n]. Hence, 

Dg = *1, 1*2,2 • • • tn,n- 

Centrality of Dg follows from the observation that the right hand side com- 
mutes with every generator tfj of Oq((]K^)™^"). 

The next result was first proved in but under the additional assump- 
tion that q is transcendental over Q. We here provide a proof for the more 
general case that 9 is a nonzero, non-root of unity. 

Theorem 4.1.9. A quantum minor [I \ J] with maximum coordinate at most 
(r, s) equals zero if and only if there does not exist a vertex- disjoint path 
system from I to J, i.e., if and only if r^^(I | J) = 0. 

Proof If r^^(/ I J) = 0, then Theorem SXT] implies that [I \ J] = 0. 

Now suppose r^^(/ I J) 7^ 0, i.e., there is at least one vertex-disjoint path 
system from I to J. The weight of a vertex-disjoint path system V is equal 
to q°'t^^'^ £ Oq((K;^)™^") for some integer a, where 



1 if there is a path in V with a F-turn at {i,j); 
— 1 if there is a path in V with a J-turn at {i,j); 
otherwise. 



Therefore, if for any distinct 'P,Q £ r^^(/ | J) one has M-p ^ Mq, then 
by Theorem 14.1.71 and Proposition 12.1.101 we may conclude that [/ 1 J] ^ 0. 

Suppose V = {Pi, . . . , Pk) and Q = {Qi, . . . , Qfc) are two vertex-disjoint 
path systems from I to J and that M-p = Mq, i.e., a path in V has a F-turn 
(respectively J-turn) at {i,j) if and only if a path in Q does. We aim to 
show that V = Q. First, consider the paths P^ and Qk- Let {ik,^) be the 
first vertex where Pk turns, and {ik,^') be the first vertex where Qk turns. 
li i > i', then Qk goes straight through {ik,l'). However, since Q contains 
some path Q that turns at {i, £), this implies (since i? is a Cauchon diagram) 
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that Q and Qk intersect, contradicting the choice of Q as a vertex-disjoint 
path system. The symmetric case shows that I & and hence d. = i' . A 
similar argument can then be apphed to the remainder of the turning vertices 
(if any) in and Qk, from which we conclude that P^ = Qk- Repeating 
the argument with Pk-i and Qk-i, etc., we see that V = Q, as desired. 

□ 

Corollary 4.1.10. (Recall the map cr^^ : ^(*) of Section \3M) A 

quantum minor [/| J](*) e with maximum coordinate at most (r, s) is 
in ker (cr^^) if and only if there does not exist a vertex- disjoint path system 
from I to J in G™''". □ 

We conclude this section by showing how one may construct new vertex- 
disjoint path systems from I to J from old. First, suppose z is a row vertex 
and j is a column vertex in G^^"', and consider two paths P: i — > j and 
Q: i — 7- J. Now, P n Q 7^ since, for example, both paths contain row 
vertex i and column vertex j. Let {i = vq, . . . ,Vk = j) be the subsequence 
of all vertices that P and Q share. For each a £ [k], let Pa (respectively Qa) 
denote the subpath of P (respectively Q) starting at Va-i and ending at Va- 
If Pa / Qa, then the first edge of Pa is perpendicular to the first edge of Qa- 
If the first edge of Pa is horizontal, let us say that Pa is above Qa, otherwise 
Pa is below Qa- Consider the paths 



Ua 

and 



Pa if Pa — Qa, 

Pa if Pa is above Qa, 
Qa if Qa is above Pa, 



Pa if Pa — Qa, 
La = I Pa if Pa is bcloW Qa, 

Qa if Qa is below Pa . 
Now, let U{P, Q): i ^ j he the path 

UiP, Q) = C/i U [/2 U • • • U C/fc 
and L{P, Q) : i ^ j he the path 

L{P,Q) = LiUL2U---ULfc. 

Example 4.1.11. With respect to Figure [TOl Ui is the solid path from 
i = Vq to vi, U2 is the dashed path from vi to V2, U3 is the solid path from 
V2 to f3, etc. On the other hand, Li is the solid path from i = vq to vi, L2 
is the solid path from vi to V2, L3 is the solid path from V2 to V3, etc. 

The key property of U{P, Q) is the following. 

Lemma 4.1.12. For a row vertex i and column vertex j in G^^"' , consider 
two paths P: i ^ j and Q: i — t- j. Suppose that R: i' ^ j' is a path with 
i' > i. If R is disjoint from either P or Q, then R is disjoint from U{P, Q). 
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Figure 10. P is the solid path; Q is the dashed path; 
U {P, Q) is the shadowed path. 



Proof. With respect to P and Q, we use the notation of the paragraph just 
prior to Example 14.1.111 Without loss of generality, suppose P and R are 
disjoint. 

If R and U{P, Q) have a vertex w in common, then w (z Q and there 
exists an a such that w is in the subpath Qa of Q. Since w G U{P, Q), we 
have Ua = Qa for this a and so Qa is above Pq. On the other hand, the 
plane curve formed by Pa and Qa is closed, and since i > i', R must intersect 
this curve. Since G^^" is planar, the intersection occurs at a vertex of P, 
a contradiction to the assumed disjointness of P and R. □ 

Corollary 4.1.13. Let i < i' be two row vertices and j < j' be two column 
vertices in G^^". Suppose P : i j and P' : i' —?■ j' are disjoint paths and 
Q: i ^ j and Q' : i' ^ j' are disjoint paths. Then U{P,Q) and U{P',Q') 
are disjoint. 

Proof. By two applications of Lemma 14.1.12} U{P,Q) is disjoint from both 
P' and Q'. Since U{P' , Q') consists only of subpaths coming from either P' 
or Q', we have that U{P,Q) and U{P',Q') are disjoint as well. □ 

Repeated application of Corollary 14.1.131 immediately gives the following 
result. 

Corollary 4.1.14. Let V = {Pi, . . . , Pk) and Q = (Qi, . . . , Qk) he vertex- 
disjoint path systems from I to J. Then 

U{V, Q) = {U{PuQi),...,U{Pk,Qk)) 



is a vertex- disjoint path system from I to J. 



□ 
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Now, if r^'{i\J) is non-empty, then repeated applications of Corol- 
lary 14.1.141 to the finitely many path systems in (7 | J) shows that the 
next definition is sensible. 

Definition 4.1.15. If T^^^ (/ | J) / 0, then the supremum ofrg^(/| J) is the 
(unique) vertex disjoint path system (Qi, . . . , Qk) ^ r^^(/ | J) such that for 
any V = {Pi, • • • , Pk) € r^''(I | J) one has, for each i £ [k], 

U{Qi,Pi) = Qi. 

For L{P,Q), it is clear that results similar to Lemma I4.1.12t Corol- 
lary 14.1.131 and Corollary 14.1.141 hold. We omit their explicit statements 
here, but note that the next definition is also sensible. 

Definition 4.1.16. If T^^\l | J) 7^ 0, then the infimum of T^l^\l \ J) is the 
(unique) vertex disjoint path system (Qi, . . . , Qk) € r^^(/ | J) such that for 
any V = {Pi, • • • , Pk) € r^^(I | J) one has, for each i G [A;], 

L{Qi, Pi) = Qi- 

Example 4.1.17. Once again, consider the Cauchon graph of Figure [9l 
The supremum of r^^^(l, 3 1 1, 3) is the path system (Qi, Q2) where 

Qi = (1, (1,3), (1,2), (2,2), (4,2), (4,1), 1), 
g2 = (3,(3,4),(3,3),(4,3),3), 

while the infimum of r^^^(l, 3 | 1, 3) is the path system {Qi, Q2), where 

Qi = (1,(1,3), (2,3), (2,2), (4,2), (4, 1),1), 

Q2 = (3, (3, 4), (4, 4), (4, 3), 3). 

4.2. Grobner Bases. In this section we review the theory of Grobner ba- 
sis theory as it applies to the algebras A^^\ Grobner basis theory is rather 
well-known in commutative algebra and fortunately many of the key as- 
pects transfer to quantum matrices and the algebras i?^*^ ~ A^^'^ . The main 
reference for this section is the book of Bueso, Gomez- Torrecillas and Ver- 
schoren [2]. 

Throughout this section, we fix t S [mn], let (r, s) be the t*^ smallest 
coordinate, and denote the matrix of generators of A^^^ by [xij]. We now 
define a total order of the lexicographic monomials in A^^^ . 

Definition 4.2.1. The matrix lexicographic order ~< on A4m,n{'^) is defined 
as follows. If M ^ N G Mrn,n{'^)-, let {k,l) be the least coordinate (with 
respect to the lexicographic order) in which M and N differ. Then we set 

M^N^ {M)k,i < {N)k/ 

and say that M < N at {k,£). 
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If M ^ are both in A4m,n{'^>o), then the matrix lexicographic order 
induces a total order (also called matrix lexicographic) on the monomials of 
A^*) by setting 

By allowing the (r, s)-entry in M and N to be negative, this terminology 
extends to a total order on the lexicographic monomials of j4(*)[j;~^]. 

For example, under the matrix lexicographic order, we have 

If (i, j), (k, i) < (r,s), and is northwest of {k,i), then recall the 

relation 

Xk/Xij = XijXk,e - (q- q~^)xi^exkj. 
On the other hand, we also have 

Xi^£Xk.j ^ Xi^jXk.l' 

Essentially by repeated application of these facts and the other relations 
amongst the standard generators, we obtain the following, which is a special 
case of the more general Proposition 2.4 in [2j. 

Proposition 4.2.2. For M,N € A4m,ni'^>o), the lexicographic expression 

£ M N ■ ' ~ 

of X X IS 

LeM,n,n{1'>o) 

for some integer a and where for every ^ 0, one has L ~< M + N . □ 

Definition 4.2.3. Let M,N e Mm,n{'^>o)- We say that cc*^ divides x^ if 
{M\j < {N)ij for all G [m] x \n]. 

Using this terminology, we will use Proposition 14. 2 . 2) in the following way. 

Corollary 4.2.4. Let M,N e Mm,ni^>o)- V ^'^^ divides x^ , then there 
exists an integer a, matrices L ^ N, and scalars a/, € IC* such that 

L 

Remark 4.2.5. Proposition 14.2.21 Defintion [4.2.31 and Corollary 14.2.41 ex- 
tend to ^^'^[x^g] by allowing the (r, s)-entry in each matrix to be negative. 

Definition 4.2.6. Let a € A^^'^ with lexicographic expression 

a = 'y^^aix^ ■ 

L 

The leading term of a is the maximum lexicographic term with respect to 
the matrix lexicographic order that appears in the lexicographic expression. 
We denote the leading term of a by it (a). 

We are now ready to give the definition of a Grobner basis for a left ideal. 
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Definition 4.2.7. Let J be a left ideal of A^^\ and let 

G = {gi,g2, ■■■,gk} ^ J- 

We say that G is a Grobner basis for J if for every a & J there exists a 
gi G G such that £t{gi) divides £t{a). 

The key idea of a Grobner basis is that one may find an expression for 
any a G J as a combination of the gi recursively. If £t{a) is divided by it{gi), 
then by Corollary 14.2.41 we may write 

a = gia + b 

where lt{b) -< £t{a). Since it follows that 6 G J, we can repeat the process if 
6 7^ 0. Since there are only finitely many lexicographic monomials smaller 
than it{a), this process will end after finitely many steps. Thus, the elements 
of the Grobner basis are a generating set for J. 

We will eventually apply the notions of this section to situations involving 
quantum minors, and we will need slightly more detailed information than 
is contained in Corollary 14.2.41 We provide this information in Part 2 of the 
next result. 

Lemma 4.2.8. Let [/| J]*-*^ E A^^^ be a minor with maximum coordinate 
{ik,jk)- Recalling Remark \4.1.2[ if we write 

[/|J]W= ^(-g)^Wa.^% 

then: 

(1) One has £t{[I \ J]^*^) = x^^'^, where id is the identity permutation; 

(2) If x^'^'^ divides x^ for some L G A4m,n{'^>o), then 

= q"[I\jf^x^-P^'^ +w, (5) 

for some integer a and element w € A^^^ where, if it{w) = x^ , then 
K ~< L at a coordinate northwest of {ik,jk)- 

Proof. Part 1 is clear as -< Pid at the least diagonal coordinate {ik',jk') 
of [/| J]W with a{k') / A;'. 

For Part 2, note that the generators with coordinates west, north or 
northwest of (ik^jk) commute or (^^^-commute with the generators northeast 
of [ik^jk)- Therefore, we may write 

^ qC^^P^^^L-P,^ + ^ ^NX^, 

for some integer a, where, if oat 7^ 0, then the entries of and L are equal 
in all coordinates that are not north, west, or northwest of {ik,jk)- On 
the other hand, since all commutation relations for A^^^ are homogeneous, 
it follows that L and have the same bidegree (i.e., respective row and 
column sums), so that the first entry in which L and differ must actually 
be northwest of {ik,jk)- 
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Next, we have 

<TGSfe\id 

If CT 7^ id, then 

where, by reasoning similar to that in the previous paragraph, every 
appearing in w' satisfies K ~< L — Pj^ + Pq- at a coordinate northwest of 
{ik,jk)- Finahy, L and L — Pid + P^j also differ at an entry northwest of 
i'i'kijk)- Combining the facts of this paragraph and the preceding one, we 
obtain Equation ([5]) with the desired property of w. 

□ 

4.3. Adding Derivations and Lexicographic Expressions. Through- 
out this section, we fix t € [mn],t ^ 1 and let (r, s) be the t^^ smallest 
coordinate. Let [xij] be the matrix of generators for A^^\ and [vij] the 
matrix of generators for A^^~^\ 

The proof of Theorem 14.4.11 requires a somewhat detailed understanding 
of the effect of the adding derivations map on the lexicographic expressions 
of an element a G A^*) and its image loT G A^^~^'^[y~l]. This short section 
provides this information. 

Recall that the adding derivations map is the homomorphism 

defined on the standard generators by 



^ _ \yi,j + yi,syr,hr,j, if (iJ) is northwest of (r, s) 
Hi J, otherwise. 



or, equivalently, by 



^ ^ \yi,j + Qyi,syr,jyr,l , if ihj) is northwest of (r, s) 
yij, otherwise. 



Let £ and write 

M 

where for each € [p - 1], {ik,jk) < (ik+ijk+i)- Thus, 

C 

where the sum is over all subsets C of the set of k where {ik,jk) is northwest 
of (r, s), and where, for such a C, 

^ yik,syr,jkyr,s J if A; G C; 

yik,jk^ if ^ c 
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Lemma 4.3.1. With notation as in the preceding discussion, let z be a 
monomial on the right side of Equation so that for some C , 

c c c 
Consider the lexicographic expression of z, written as 

(^>o) 

where aic G IK.*. Then the following hold: 

(1) For each Lc, 

{Lc)r,s = {M)r,s-\C\. 

(2) If C ^ ^, then for every Lc, we have Lc -< M at the least {ik,jk) 
for which k G C. 

(3) For each Lc and for each i € [m] \ r, 

{Lc)i,s = {M\, + \{keC\ik = i}\. 

(4) If{i,j) is northwest of{r,s) and if 

{Lc)i,j > {M)ij -\{keC\ (ikJk) = 
then there is a coordinate {i,j') with 1 < j' < j such that 
{Lc)i,f < {M\y -\{keC\ (ikJk) = 

(5) For each Lc, the entries in coordinates not north, west or northwest 
of {r,s) are equal to the corresponding entries in M. 

Proof. First, let us split the monomial z by row indices, i.e., write 

c c c c c c 

where, for each i G [m], the generators appearing in the monomial 

c c c 

have indices 

{a,b) G {{i,j) I j G [n]} U {(r, j) | j G [s]}. 

Moreover, if yrj appears with j ^ s, then yrj is to the right of any yij' 
with j' < j. In other words, such a yrj commutes or g-commutes with every 
generator appearing to its right. Since y~g commutes or g^^-commutes with 
every generator of A^^~^\ we may write 

c c c 
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where a E Z, /3 is the number of occurrences of y^. ]. in the left monomial, 
Mi € M.m,n{'^>o) is the matrix defined by 



{Mi)a,b 



if a 7^ z; 

(M)i,b - G C I {ik,jk) = {hb)}\ if a = i and 1 < 6 < s; 

(M)j^s + \ {k ^ C \ ik = i}\ if a = i and b = s; 

[{M\b ifs<b<n, 

and Ri is a matrix whose nonzero entries appear only in coordinates between 
(r, 1) and (r, s — 1). 

It follows that we may write 

for some a' € where the entries of Rr equal those of M at coordinates 
between (r, 1) and (r, s — 1) and are zero elsewhere, and where entries of L 
equal those of M at all coordinates greater than (r, s). 

Next, let Urj be a generator with 1 < j < s, and consider yrjV^^^ for 
some 1 <i < r. Recall that, for j' < j, we have the relation 

yrjVij' = yij'Vrj - (q- q~^)yi,jyr,j' ■ 

Repeated applications of this relation imply that 

yrjV —y yr,j + 2_^o(£y »y , 

e 

for nonzero scalar s ai and where: 

(1) Every M- G Mm,n{'^>o) satisfies M/ -< Mi, and the entries of each 
M- differ from those in Mi only between coordinates (i, 1) and (i, s — 

1); 

(2) Each R^ G A4m,n{'^>(}) has nonzero entries only between coordinates 
(r, 1) and (r, s — 1). 

In particular, when finding the lexicographic expression of the monomial z 
written in the form of Equation ([7]), we never create or destroy any of the 
generators yi^s, yt^i nor any generator with coordinates not north, west or 
northwest. Parts 1,3 and 5 of the lemma follow. It also follows that for every 
Lq and i G [r — 1], if the entries in Lc and M with coordinates between 
(i, 1) and (z, s — 1) differ, then the first different entry is smaller in Lc- 
This implies Part 4. Finally, Part 2 comes from the fact that each term in 
the lexicographic expression of z must start with yi^j^ ■ ■ ■ yjj._ijj._i since no 
subsequent relation produces a generator ya^b with (a, 6) < {ik,jk)- 

□ 

Corollary 4.3.2. If a e A^*\ and lt{a) = , then lt(u ) = y^ . 

Proof. If C 7^ 0, then each term y^^ in the resulting lexicographic expression 
satisfies y^^ -< y^ by Part 2 of Lemma 14.3.11 On the other hand, 
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□ 

4.4. Generators of "H-primes. Throughout this section, we fix a Cauchon 
diagram B and, recalhng Section 13.31 consider the sequence of H-primes 
{Ki, . . .,Kmn), where 

Kt = ker {a^S) ■ 

Theorem 4.4.1. For t G [mn], let (r, s) be the t*^ smallest coordinate and 
let [xij] be the matrix of generators for A^^'^ . If Gt is the subset of Kt 
consisting of all Xij with {i,j) > {r,s) and € B, together with all 

quantum minors in Kt whose maximum coordinate is at most (r, s), then Gt 
is a Grobner basis for Kt. 

Proof. Note that we wih repeatedly use Theorem 14. 1 . 71 and Corohary 14.1.101 
without exphcit reference to them. We proceed by induction on t. 

If t = 1, then the only minor in ^(1) = C'g(]K'^x") whose maximum 
coordinate is (1,1) is 

=*i,i- 

On the other hand, ti^i £ Ki if and only if (1, 1) G B. So Gi is precisely 
the set of generators tij with {i,j) € B. On the other hand, these tij 
generate Ki by Theorem l2.3.4l and so Proposition 12 . 1 . 10) implies Gi is indeed 
a Grobner basis. 

So now suppose t ^ \ and that Gt-i is a Grobner basis for Kt-i. Let 
[Vi^j] be the matrix of generators for A^^~'^\ There are two cases to consider, 
according to whether or not (r, s) £ B. 

If (r, s) G B, then, as elements of ©^((IIC^)™'^"), we have for each coordi- 
nate that 

Therefore, 

a = ^ ulx^ € Kt 
L 

if and only if 

a =^aLy^ £ Kt^i. 

L 

Hence, if divides £t{a'), then a;*'^ divides £t{a). 

Now, the previous paragraph also implies that if [/ 1 J]^^^^^ G Kt-i with 
maximum coordinate at most (r, s)^, then [/| J]^*) € Kt with maximum 
coordinate strictly less than (r, s) so that [/ | J]^*^ G Gt. Also, if (i, j) > (r, s) 
is such that G B, then Xj.j G Kt. Finally, since {r,s) G B, 

[r \ sf^ =Xr,s(^ Kt. 

It now follows that since Gt-i is a Grobner basis for Kt^i, Gt is a Grobner 
basi^ for Kt . 



In general we have actually shown that a subset of Gt is a Grobner basis for Kt, but 
nothing is lost by adding the extra minors in Kt with maximum coordinate equal to (r, s). 
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Now let us assume (r, s) B, i.e., Xr,s ^ Kt, and fix a monic a £ Kt with 
lexicographic expression 

a = x^^ + ^aLX^, 

L 

where lt[a) = , i.e., L ^ M for every L with a nonzero coefficient. 
Furthermore, we may assume that a is homogeneous with respect to the 
bigrading introduced at the end of Section [211 i.e., we may assume that, 
for each i € [m], the i^^ row sum of every L and M are equal, and for every 
j € [n], the j^^ column sum of M and every L are equal. 

If there exists an € i? with > (r, s) and {M)ij > 1, then 

Xjj € Gt divides £t{a), and we are done. So we may assume no such 
exists. In fact by Lemma 13.3.41 we may further assume that M and every 
L have the same values in each coordinate > (r, s), and, without loss 
of generality, that these entries are all zero, i.e., {M)ij = = {L)ij for all 
(ij) > (r,s). 

Since (r, s) ^ B, 

Kt = K^i[x~l]nA^'\ 
and so there exists a 6 € Kt~i and a nonnegative integer h with 

a = l}x:^fs = ^Vr^s- 

By Corollary 11X21 

We henceforth call a minor in Gt-i whose leading term divides £t{b) 
critical. Note that since the maximum coordinate of a critical minor is at 
most (r, s)~ , its leading term actually divides y^^. By induction, there exists 
at least one critical minor. Now, if [I I J](*-i) is critical and [I \ G Kt, 
then, since the maximum coordinate of [I| J]*-*-* is strictly less than (r, s), 
we have have found an element of Gt whose leading term divides it{a), and 
there is nothing left to prove. From now on, we assume that if [I \ JJ^*^-*^^ is 
critical, then [I \ J] Kt . 

Claim 1. If [/| J]^*^^^ is critical, where I = {ii < 12 < ■ ■ ■ < ik) Cind 
J = (ji < j2 < • • • < jk), then we may assume the following. 

(1) Every vertex-disjoint path system in r^^(/| J) 7^ contains a path 
with a d-turn at (r, s). 

(2) If{ik',jk') is the largest diagonal coordinate northwest of {r,s), then 

[ii,...,ik' I ji,...,jfc']^*""^^ 

is critical. 

(3) // {ikijk) is northwest of (r,s), then for every {i,j) with ik < i 1^ r 
and jk < j ^ s, one has {M)ij = 0. 
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Proof of Claim d 

Part 1 : This is simply restating the assumption preceding the claim, since 
otherwise there is a vertex-disjoint path system in \ J), i.e., 

Part 2: By Part 1, there exists a J-turn at (r, s) in any vertex-disjoint path 
system in r^^(/ | J). Hence s ^ J and (ii, j'l) is northwest of (r, s). 

If (^fc) Jfc) is northwest of (r, s), then there is nothing to prove, so suppose 
{ikiik) is northeast of (r, s). If [I \ik\J \ jk]^^~^'' G -f^t-i, then replace 
[I I JJ^*^"*^^ with I J\jk\^^^'^^ and restart this argument. So assume that 

{ikijk) is northeast of (r, s) and [I \ ik \ J \ ifc]'-*"^-' Kt-i, i.e, there exists 
a vertex-disjoint path system 

P = (Pi , . . . , Pfc_i) G ri^-') (/ \ ifc I J \ jk). 

Let 

Q = (gi,...,Qfc)Grg(i|j). 

From Part 1, there exists a : ia ja containing {r,s) as a J-turn. 
Clearly, we must have a = k' , and since {ikijk) is northeast of (r, s), fc' ^ k. 
Recalling Corollary 14.1.141 consider the vertex-disjoint path system 

7^ = U{V, Q\Qk)e rg-'^ {I\ik\J\jk) 

See Figure [TTJ Since P^/ does not contain a J-turn at (r, s), the path 
[/ (Pfc', Qfc') does not contain a J-turn at (r, s). Moreover, by Corollarv l4. 1.131 
TZ is disjoint from Qk- Hence, T^UQ^ is a vertex-disjoint path system in the 
empty set Pg ^^(/| J), an impossibility. 

Part 3: If = (r, s) and (-/Vf)^,^ > then [/ U r | J U s]^*^ is a minor 

whose leading term divides ic*^ with maximum coordinate {r,s). The only 

path in Fg^(r, s) is (r, (r, s), s). Hence, if Fg^(/ U r | J U s) is nonempty, 
then any path system in this set would have a sub-path system from I to J 
not using (r, s). But this is a vertex-disjoint path system in the empty set 
Pg I J), an impossibility. Thus, [/ U r | J U s]^*^ G with leading term 
dividing = it{a), and there is nothing left to prove. So we may assume 

{M)r,s = 0. 

If 7^ {r,s) but (M)jj > 1, then the leading term of [/ U i | J U 

divides y^'^ . Since [/ | J]^^^^'^ G Kt^i, there is no vertex disjoint path 
system in pg (I | J) and so certainly no vertex-disjoint path system in 
pg Ui \ J U j). Thus, [/ U i I J U is critical and so there exists a 

V G Pg^(-^ U i \ J U j). By Part 1 and vertex-disjointness, the path P : i ^ 
j G P is necessarily the path with a J-turn at (r, s). But then P \ {P} is a 

vertex-disjoint path system in the empty set pg ^■'(I | J), an impossibility. 
This completes the proof of the Claim. 

We now say that a coordinate {i,j) is critical if (i, j) is northwest of (r, s) 
and there exists a critical minor with {i,j) as its maximum coordinate. 
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lk-1 




Jk-1 • Jk 



Figure 11. Illustration of the idea used to prove Part 2 of 
Claim 1 . The dashed paths represent Q G (/ | J) contain- 
ing a path with a J-turn at (r, s). The solid paths represent 

a vertex-disjoint path system V G F^ \ \ J \ jk)- The 
shaded paths represent U{V, Q \ Qk)- 



Claim 2. If critical, then every {i,j') for j < j' < s with {M)ij' > 1 
is critical, and every {i' ,j) for i < i' < r with {M)iij > 1 is critical. 

Proof of Claim\^ Suppose [/ 1 J]^*^^) is a critical minor whose maximum 
coordinate is {i-,j)- Notice that the leading term of 

divides y^^ and its maximum coordinate is {i,j'), so it remains to show that 
this minor is in Kf-i- 

Since [/ | J]*-*"^-* is critical, we may consider the supremum V € F^^ {I \ J) ^ 
0, which, by Part 1 of Claim 1, contains a path P : i ^ j with a J-turn at 
(r, s). Notice that P must have a horizontal subpath from {r,s) to {r,j), 
followed by a F-turn at {r,j), and then vertically down to the column vertex 
j. In particular, (r, j) is a white vertex. See Figure [T2l 

Suppose that [I \ J \j U ^ Kt-i, i-e., there exists a vertex-disjoint 

path system Q from / to J\jUj' in F^ \ J\jUj'). Therefore, the path 
Q : z — 7- in Q does not use vertex (r, s). By considering the appropriate 
supremums, we may assume without loss of generality that Q\Q = V \ P. 
Now, since j' > j, Q must intersect P in order to end at j' . Since Q cannot 
have a J-turn at a (r, s) or any larger vertex, the Cauchon condition implies 
that (r, j') is a white vertex. On the other hand, 'P\P is disjoint from both 
Q and P. If we let R be the path starting at i, equal to Q up to {r,j'), then 
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T\P 



Figure 12. Illustration of the idea used in proving Claim 
2. In the notation of that proof, the dashed line represents 
Q and the solid line represents P. The other vertices and 
partial paths represent V\P = Q\Q. 



equal to P until the column vertex j, then i? is a path from i to j, that 
does not contain (r, s). Now {V\P)L) R is a vertex-disjoint path system in 
I J), a contradiction. That a coordinate with i < i' < r with 

{M)irj > 1 is critical is proven similarly. This completes the proof of Claim 
2. 

To summarize the discussion so far, we have shown that it suffices to 
assume the following. 

• If [/ I J]^*~^^ is a critical minor, then r^^(/ | J) ^ and every vertex- 
disjoint path system contains a path with a J-turn at (r, s) (by Part 
1 of Claim 1). 

• Every critical minor contains a unique critical coordinate (by Part 2 
of Claim 1). 

• For each critical coordinate there is a critical minor whose 
maximum coordinate is (by definition). 

• For each critical coordinate (of which there exists at least one), 
{M)k,i = foT all i < k < r and j < £ < s (by Part 3 of Claim 1). 
In particular, no critical coordinate is northwest of another critical 
coordinate. See Figure [T3l 

• If is not a critical coordinate, then no coordinate above or to 
its left is critical (by Claim 2). 

The remainder of this proof will show that the above list of assumptions 
leads to a contradiction to the induction hypothesis. 
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Figure 13. Structure of M: The bullet represents coordi- 
nate {r,s). All critical coordinates lie in the striped region. 
All entries in the two regions shaded solid gray are 0. 



Recalling the notation in Section [4.3^ let 



etia) 



X 



Xil,jiXi2,j2 ' ' ' ^ipdpJ 



and set 

C = {k e\p]\ (ikjk) is critical} / 
Consider the monomial 



C 



c 



c 

•^tpjp yr,s- 



By Lemma |4 . 3 . 1 1 and Proposition 14.2.2} the lexicographic expression of this 
monomial equals 

.Lc 



for some integer a and with every Lq -< Nq where 



(iV< 



C)i,j 



0, 

h- \C\, 



if is critical; 

if 2 7^ r, j 7^ s and (i, j) not critical; 
ii i ^ r and j = s; 
if z = r and j ^ s; 
if i = r and j = s, 



and where the sum in the case that i ^ r and j = s is over all j' with 
critical, and the sum in the case that i = r and j 7^ s is over all i' with {i' ,j) 
critical. With respect to Figure [T3l the entries in the striped region are in 
Nq, while entries above (r, s) (respectively to the left of (r, s)) may become 
nonzero if there is a critical coordinate to the left (respectively above). 



42 



KAREL CASTEELS 



Claim 3. The term y^^ is not divided by the leading term of any element 
of Gt-i- Consequently, y^^ is not the leading term of any element of Kt-i. 

Proof of Claim To the contrary, suppose that the leadmg term of some 
element in Gt-i divides y^'^ . Since {Nc)ij = {M)ij = for every {i,j) > 
(r, s) , this element is a minor 

where, say, 

I = {ii < ■ ■ ■ < iz) and J = (j^ < • • • < j^). 

If the leading term of [/ 1 J]*-*^^^ divides y^^, then this minor contains a 
critical coordinate On the other hand, {Nc)ij = for any critical co- 

ordinate (i, j), a contradiction. Therefore, [/ | J]^*~^) must have a coordinate 
(^fc)Jfc) in which {Nc)i^j^. > but {M)i^j^ = 0. From the structure of the 
entries of Nc, there are only two possibilities: either {ik,jk) = (ikis) where 
ihJ'k) is critical for some j'^, or {ik,jk) = {r,jk) where (i^, jfc) is critical for 
some i'f^. We here show that the former possibility leads to a contradiction. 
The latter case is dealt with similarly. 

Before we begin, we simplify our presentation slightly by further assuming 
that {ik,jk) = (ikys) is the maximum coordinate of [/| J]^*~"^\ i.e., that 
z = k. The general case is obtained by simply adding in ik+i, ■ ■ ■ ,iz and 
jk+i, ■ ■ ■ ,jz to the respective index sets of every minor we consider below. 

As the leading term of [I\ik \ J\s]^^~^^ divides y^'^ but contains no critical 
coordinate, this quantum minor is not in Kt-i- Hence we may consider the 
supremum 

Q = (Qi,Q2,...,Qfc-i) 

and infimum 

Q = (Qi,Q2,...,(3fc-i) 

of T%-^\l\ik\J\s). 

Since {ik^j'k) is critical for some j^, there exists, by Claim 1, a critical 
quantum minor [I' \ J'J^*"-*^) where, for an integer g, we write 

/' = {i'g < i'g+i <---<i'k=ik) and J' = {j'g < j'g^^ <■■■< j'^). 
Consider the supremum 

V = {Pg,...,Pk) 

and infimum 

V = {Pg,...,Pk) 

of rg^(I' I J'). As [/' I J'](*-i) is critical, is a path from i'^ to for which 
(r, s) is a J-turn. 

Our ultimate goal is to show that we may always construct either a vertex- 
disjoint path system 

7^lG^g-^)(/|J), 
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or a vertex-disjoint path system 

n'^^T%-^\i'\j'). 

In either case, we note that this contradicts the fact that the respective minor 
is in Kt-i, and so completes the proof of Claim 4. We proceed inductively. 

We first construct IZk- Recall that Pk has a subpath starting at i'^ = 
and ending at (r, s). Define Qk to be this subpath followed by the vertical 
path from (r, s) to column vertex s. For purposes of induction, set v^ = ik, 
v\ = (r, s), and note that is the first vertex that and Qj^ have in 
common, while v\ is the last vertex they have in common. If one sets 
Rk = Qk, then note that (see Figure we trivially have: Rk = Qk from 
ik to v^; Rk = U{Pk, Qk) from to vl; and Rk = Qk from vl to jk = s. 




fk 



Jk 



Figure 14. Construction of Qk (dashed) from Pk (solid) in 
the proof of Claim [3l 



Set TZk = {Rk}- Of course, TZk is a vertex-disjoint path system from ik 
to jk- If A; = 1, then we have obtained the desired construction and hence 
contradiction. Therefore, suppose A; > 1. 

To construct TZ'j^, we first show that jk-i > j'k- To the contrary, suppose 
jk-i < j'ki ^-r^d consider 

[I\J\s^j'k]^'-'\ 

If [I I J \ s U G Kt-i^ then it is critical and so there exists a vertex- 

disjoint path system from I to J\sUj^ with the path from ik to containing 
a J-turn at (r, s). But as with the construction of Qk above, we may replace 
this path with a path from ik to s, thereby producing a vertex-disjoint path 
system from / to J, contradicting the choice of [/ 1 J]^^~^\ 

The other possibility is that [/ | J \ s U i^.]^*"^^ Kt, so that there does 
exist a vertex-disjoint path system from / to J \ s U where the path 
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Q' '■ ik ^ j'k does not contain a J-turn at (r, s). We may assume this path 
system is 

iQi,...,Qk-i,Q')- 

Notice that Qfc-i is disjoint from Q' , and hence disjoint from L(Q',Pi^) by 
a lemma similar to Lemma [4. 1.131 But this latter path contains (r, s) (since 
Pk does) and so, as above, we may replace Q' with a path ik to s thereby 
producing a vertex-disjoint path system from / to J, another contradiction. 
This completes the proof showing that jk-i > j'j^- 

Since k > 1, we may consider Qk-i, which does not contain (r, s). Notice 
that Qk-i must intersect Qk at a vertex coming before (r, s) on Qk, as 
otherwise QU Qk is a vertex-disjoint path system from / to J. Let be 
the first such common vertex. On the other hand, since jk-i > j'^ and Qk-i 
goes above (r, s), Qk-i must share a vertex with P^ after (r, s). Let wl be 
the last vertex that Qk~i and Pk share. See Figure [TSl 



(r,s) 



Figure 15. Qk-i is the dashed path, Pk is the solid path, 
R'j^ is the shadowed path. 



Define i?^ to be the path that equals Pk from to lo^, then equals 
U {Qk~i, Pk) from to u)^, and then equals Pk from it;^ to j^. See Figure [T5l 
Observe that i?^ does not contain (r, s), so that 

'^'k = {R'k} 

is a vertex-disjoint path system in F^ ^^(i'^ | j^). If A; = 5, then again we 
have obtained the desired contradiction, and so we may assume k > g. 

Fix an integer i with max(g', 1) < i < k. Suppose we know that i^+i < 
4+1) h ^ and that we have constructed vertex-disjoint path systems 
TZi+i and TZ'^:i as follows. 
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First, 



(R. 



5"^^ I 



and there exists a vertex which is the first vertex that P^+i and Q^+i 
have in common, a vertex v\j^^ which is the last vertex that P^+i and Qe.+\ 
have in common, and that -R^+i equals Qt+\ from z^+i to v^_^^, equals 
?7(P£+i,(3^+i) from u^^^ to v]^^, and equals Q^+i from v]^^ to 




3i+\ Je Je+i 



Figure 16. Re+i is shaded path on the left diagram; R[_^i 
is shaded path on the right diagram. 



Second, 



H+i — i^'e+i^ • • • ' ^k) ^ \^e+i^ • • • 5 4 I j'e+i^ ■ ■ ■ ^fk) 
and there exists a vertex w^_^_-^ which is the first vertex that P^+i and Qe have 

in common, a vertex wj^-^ which is the last vertex that Pe+i and Qg have in 
common, and that equals Pc+i from to w^^-^, equals [/(P^+ijQ^) 

from w^_^^ to and equals P^+i from to 

We will construct a path R^ : i£ ^ disjoint from R(+i, but first we 
need to show that < i'^. Suppose that i£ > i'^. Since j£ > > j'^, we 
may consider the minor 

l(t-i) 



,Jfc-iJ 



,ii,ie, . . ■,ik-i I Ji, • • • ,Je,3e, 

Since this minor does not contain a critical coordinate and its leading term 
divides , we know that it is not in Kt-i and thus 

^B~^\ii^- ■ -^i'e^ie, ■ ■ ■ ,ik-i I j'l, • • • J'eJe,-- ■ Jk-i) / 0- 

Indeed, (Pi, . . . , Pi, Qi, . . . , Qk-i) is a path system in this set, since for any 
path system we choose, the sub-path system from i'^} to . . . 

may be replaced with the supremum of 
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and the sub-path system from {ii, . . . , ik-i} to {ji, . . . ,jk-i} with the infi- 
mum of 

^B~^\'ie^ ■ ■ -Jk-i \je, ■ ■ • , jfc-i)- 
These two sets are, of course, (Pi, . . . Pi) and {Qi, . . . ,Qk-i) respectively. 
In particular, this implies Pi is disjoint from both Qi. But Pi is also disjoint 
from Pg+i- By the construction of Ri_^_i, it follows that P^ and Ri_^_i are also 
disjoint, so that 

forms a vertex-disjoint path system from /' to J'. Since this is an impossi- 
bility, it must be the case that ie < i'^. 

Next, we construct TZe- Recall the construction of R'l^i- For this path, 
there is a first vertex w^^-^ which P^+i and Qi have in common. On the 
other hand, since ie 1^ i'g < i'l, Pi must intersect the closed curve formed 
from the edges from ii to tf^+i and back to ii+i, and the line from ii to i'i_^_i- 
Since Pi and P^+i are disjoint, this means that there is a first vertex, say 
for which Qi and Pg have in common. Note that comes before w^_^_-^^ on 
Qi. See Figure [m for an example. 




Figure 17. Constructing Ri (upper shaded path). Note 
that it is disjoint from Ri-\-i (lower shaded path). 



Next, observe that Pi must also intersect Qi at a vertex coming after 
""^£+1) as otherwise. Pi is disjoint from R'g_^_i after w'^_^_^. By the construction 
of Ri_^_i, we then must have (Pi, . . . , Pi)UTZ'i is a vertex-disjoint path system 
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in (/' I J'). Let v\ be the last vertex that Qi and Pi have in common. 

Define as the path equal to Qe, from to equal to U{P£, Qi) from Vg 
to vj, and then equal to Qi from u| to j^. Since is disjoint from Q^+i 
up to and after i;], and U{Pi,Qi) is disjoint from ?7(P£_(_i, we see 

that Ri is disjoint from ii^+i, and so 

TZi = 7^£+l U i?^ G r^""^^(i£, ...,ik\je,.. .,3k)- 

li i = 1, then we have obtained the required path system completing the 
proof of this claim. 

Assume £ > 1. To construct TZ'^, we first must show that > j'^. 
Suppose, to the contrary, that < j'^ Now, < ii < i'^, so we may 
consider the minor 

[ii,. . . . . . ,4 I Ji> • • -Je-iJi, ■ ■ • > jfc]^*""^^- 

Since the leading term of this minor divides there are two possibilities. 
If it is an element of Kt-i, then it is a critical minor, and so there is a 
vertex-disjoint path system in 

r^^(fi,. . . . . . ,4 1 ji, . . . ,ji-i,j'i, . . .j'k), 

which we may take to be 

(Qi, . . . , Qf_i,P£, . . . , Pk). 

Therefore, Qe^i is disjoint from both P^ and Qi, and so disjoint from Ri 
by the latter path's construction. Hence, {Qi, . . . , Qe-i) U is a vertex- 
disjoint path system in the empty set ^\l\J), an impossibility. The 
other possibility is that the quantum minor is not in Kt-i- This possibility 
is dealt with similarly to the corresponding case in the proof above that 
jk-i > j'k- It follows that > j'^. 

We now describe the construction of R'^. Since i > 1, consider Qi-i- This 
path is disjoint from Qi. If Qe-i does not intersect Pi at a vertex between 

and vj, then Qi-i is disjoint from Ri so that {Qi, . . . , Qi-i) U is a 

vertex-disjoint path system in the empty set | J), an impossibility. 

So we may let be the first vertex that Qi-i shares with Pg. Now, since 
j'e < je-i < jf., and the two subpaths of Pg and Qi starting at f^, together 
with the line from to jg is a closed curve in the plane, Qg-i must intersect 
Pg at a vertex after v\. Let w\ be their last common vertex after v\. We 
now take i?^ to be the path equal to Pg from i'^ to it;^ ; equal to U{Pi, Qi-i) 
from to wl; and equal to Pi from wl to j'^. See Figure [18] for an example. 
That R'^ is disjoint from R'i_^_i is seen similarly as when we showed that Rg 
and Re+i are disjoint. 
Of course, we now take 

^£ = ^£+1 U i?^ G F^ ■'(4, . . . , I j£, . . . 

If i = g, then we are done. Otherwise continue as above. As this process 
cannot continue indefinitely, we see that eventually we can construct either 
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Figure 18. Constructing i?^ (upper shaded path). Note 
that it is disjoint from (lower shaded path). 



a vertex-disjoint path system from I to J or a vertex-disjoint path system 
from /' to J', either construction providing the required contradiction. This 
completes the proof of Claim [3l 

Claim 4. The term y^'^ appears in the lexicographic expression ofb = ^Ty^,, 
with a nonzero coefficient. 

Proof of Claim Recall that a lexicographic term is said to appear in an 
element of A^^~^ or if it has a nonzero coefficient in the lexicographic 
expression of that element. 

We have already seen that y^^ appears in 

c c c 

^h,ji^i2,j2 ' ' ' ^ip,jp yr,s- 

We will show that this is, in fact, the unique appearance of y^^ in (the 
lexicographic expression of) any summand of 

L 

and so appears in b. 
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To start, consider in x^^y^ ^ the lexicographic expression of some 



C C C 



^il,jl^i2,j2 ' ' ' ^ip,jp yr,s — CHLqiV ^ j 

where C ^ C. Suppose C is chosen so that there is an Lc equal to Nc- 

Now, by Lemma I4.3.H each term y^c satisfies {Lc')r,s = h — \C'\. Since 
{Nc)r,s = h — |C|, we must have if \C'\ = \C\ > 0. But, since C ^ C , there 
must exist k £ C' such that {ik,jk) is not a critical coordinate. Since {ik,jk) 
is not critical, we should have 

> i^)ik,jk - e C I (ifc', jfcO = (ifc,jfc)}|. 
By Part 4 of Lemma I4.3.H there is a coordinate {ik,j) with j < jk and 

where the equality follows from the fact that since {ik,jk) is not critical, 
neither is {ik,j) by Claim 2. Hence, Lc cannot be equal to Nc since their 
entries differ in coordinate {ik,j)- This is a contradiction and so we conclude 



that y ^ appears in x y: 
Next, suppose 



r,s' 



appears in a, where {ak,bk) < {ak+i,bk+i) for each k £ [t — 1], and where 
L ~< M at coordinate With the notation of Section [4.3^ consider 

■ir— D D D 

a;V = Vql^l ^ ■■■^■»^ 

WT-jS / j " a\ ,b-i_-^ a2 ,02 -^atM HryS' 
D 

Suppose that y^^ appears in 

^ D ^ D D_ 

^ai,bi^a2,b2 ' ' ' ^at,bt VtjS ^ ^ '^L^V ^ ■ 

Ld 

By Lemma 14.3. H Part 5, every entry in an Lq with coordinates not 
northwest, north or west of {r,s) must equal the corresponding entry in L. 
Since we also require = Nc for some D, this implies that those entries 
are equal to the corresponding entry in M as well. Thus, can only be 
north, west or northwest of (r, s). On the other hand, if j = s, then all entries 
in L and M in row i except coordinate are equal. By homogeneity, 

this means that we must also have {L)ij = {M)i_j, a contradiction. Hence 
is not north of (r, s), and by similar reasoning is not west of (r, s). 
Therefore, we may assume that L ~< M at a coordinate northwest of 
(r,s). 
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There are two cases to consider. First, suppose is not a critical 

coordinate. In this case, 

and so we may proceed as above by applying Part 4 of Lemma 14.3.11 to see 
that in order to have {L£))i,j = {Nc)i,j, we would require an entry with 
coordinate with j' < j to satisfy 

{LD)i,j' < 

= {M\,, 

Hence we cannot have Nc = Ld in this case. 

Next, suppose is critical. Let (i,jo) be the least critical coordinate 
in row i. Notice that no = (a^, b^) with j' < jq has k D, for reasons 

similar to the previous paragraph. Now, consider j' where jo < j' < s. By 
Part 3 of Claim 1 applied to {i,jo), we know that every entry of M south 
of is equal to zero. Hence, the sum of the entries in column j' of M 

is equal to J2l'=ii^)i' ,j' • homogeneity, this is equal to the sum of the 
entries in column j' of L. On the other hand, the entries north of in 
L are equal to the corresponding entries in M. Since all entries of L are 
nonnegative, we see that 

for every jo < j' < s. Also, since the entries of L and M are equal prior to 
(i, jo) and L -< M, we must also have {L)ijQ < {M)ijg. But, since we know 
that {L)ij < {M)ij, applying Part 3 of Lemma [4.3. II gives 

{LD)i,s = {L)i,s + \{ke D\ik = i}\ 

s 

s 

i'=io 

= {Nc\s. 

Hence, we cannot have Lo = Nq in this case either, and so this completes 
the proof of Claim HI 

Claim 5. There exists an element of Kt-i for which y^'^ is the leading 
term. 

Note that Claims [3] and [5] are incompatible, thus providing the required 
contradiction to the assumptions on the entries of M and completing the 
proof of Theorem 14.4.11 



QUANTUM MATRICES BY PATHS 



51 



Proof of Claim\^ By Lemma [3.3.41 we may write 

oo 

where finitely many 6j 7^ and each 5j € Kt_i with lexicographic expression 
using only generators with coordinates less than (r, s). 

By ClaimHl y^^ appears in b and so, since {Nc)r,s = h — \C\, it appears 

in 

Suppose, for a positive integer k, that we have constructed an element 
Zk-i G Kt-i in which y'^'^ appears. Moreover, suppose any term appearing 
in Zk-i that is greater than y^^ , also appears in zq- If £t{zk-i) = y^'^ , 
then we have found the required element of Kt-i- Otherwise, we construct 
below an element Zfc G Kt-i with the same above properties as Zk-i, but 
in which strictly less terms greater than y^^ appear. Since there are only 
finitely many terms appearing in zq that are greater than y^'^ , this process 
must end after finitely many steps, resulting in an element of Kt-i whose 
leading term is y'^^ ■, as required. 

Let 

et{zk^i) = y'^ y y^^ , 
so that for some jliINc £ IK.* we may write 

Zk-i = liy^ + iNcV^'^ + 4-1- 

In particular, observe that in z'^_^^ there appear strictly less terms greater 
than y^^ than in z^-i- Also, y^ -< y'^^yl^g since the latter term is the 

leading term of b but y^ G bfi_\c\yr,s 7^ bhUr^g since |C| > 0. Finally, for 
i € [r — 1], let Cj denote the critical coordinates in row i. 

Let iQ be the least index such that Cj = Cj^ is non-empty. Let (cq, do) be 
the least coordinate in Since y^^' -< y^ ^ v'^^Vrs ^^'^ the entries of Nc 
and M at coordinates prior to (cq, do) are equal, we have that the entries of 
L, M and Nc are equal prior to (cq, do) as well. 

Suppose (co,d) G is such that (-Z>)co,d > 0- Iii this case, we proceed 
as follows. Since {co,d) is a critical coordinate, there is a critical minor 
[I|J](*-i) G Kt-i with maximum coordinate (co,d) whose leading term 
divides y^^ , and so divides y^ by the previous paragraph. By Lemma |42S1 
we have 

where w G A^^~^') has the property that if it{w) = y^ , then X ^ L at an 
entry northwest of (cq , d) . Since all entries of L northwest of (cq , d) are equal 
to those of Nc and M, we have that £t{w) ^ y^"^ as well. 
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Hence, 

Zk-l = JLV^ + iNcV""^ + 4-1 

= 7L(g"[/ I Jf-'^y'^-''-' jNcV'''' + 4-1, 

so that if we define 

= iNcV^"^ + ILW + 4-1, 

then we have E i^t-i satisfying the desired properties described above. 

Now, suppose each coordinate (cq, d) G Ci^ is such that {L)cQ^d = 0. Thus, 
L and A'^c' equal in all entries prior to (cq, s). Also, since y^ appears in 

b, there must be a a;^' appearing in a so that y^ appears in x^'y^^g. We also 
have x^' ^ a;^''^, and it follows by Part 2 of Lemma 14.3.11 that the entries in 
L' and M are equal prior to (cq, do)- 

Now, as in the proof of Claim 4, we may apply homogeneity to conclude 
that {L')cQ^d < (^)co,rf each {co,d) G Cj^, and if any of these inequalities 
are strict, then (-t')io,s < {Nc)io,s, contradicting the assumption that Nc -< 
L. Hence, L' and M have equal entries prior to (co,s). 

Now, let ii be the second least index such that Cj^ is nonempty, and 
consider coordinates from (co,s) to {ci,di)~, where (ci,di) is the least co- 
ordinate in Ci-i. Since y^^ -< y^, we know that if any entry in L and Ac 
in these coordinates differ, then the first differing entry is larger in L than 
in Ac. On the other hand, the entries of Ac and M are equal in this range 
of coordinates. Thus, if the first differing entry is larger in L than in Nc, 
then this entry in L' is larger than in M, yet every entry prior in L' is equal 
to that in M, implying that y^^ ■< y^ , a contradiction. Hence, the entries 
in this range of coordinates are equal in A^c, M, L and L'. 

Since all entries north-west of a critical coordinate are equal in M, Nc , L 
and L', we may now repeat the above arguments with the coordinates in 
Cjj, and subsequent Q's if necessary. Eventually we must find a critical 
coordinate with a positive entry in L, as otherwise we would find that Ac = 
L, contradicting the assumption that y^'^ -< y^. Hence, we can always 
construct the required and, eventually, an element of Kt-i with leading 
term y^^ . This completes the proof of Claim 5 and the theorem. 

□ 

4.5. Conclusions. As an immediate consequence of Theorem 14.4.11 we see 
that if g is a non-root of unity, then every ?^-prime of Oq{^Am,n{^)) is 
generated, as a left and right ideal, by the quantum minors it contains. We 
can sharpen this result by finding a minimal Grobner basis. The idea here is 
simple: if G is a Grobner basis for some ideal and if 51, g2 G G are such that 
it{g2) divides it{gi), then G \gi remains a Grobner basis for the ideal. In 
other words, we may throw out any redundant elements in G. With respect 
to Oq{M.rn,nO^)), ^his means the following. Suppose [/ 1 J](™") is a minor 
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where I = {h < i2 < ■ ■ ■ < ik} and J = {ji < j2 < ■ --jk}- If L C [k], 
I' = I n{ie \ e £ L} and J' = J n {je \ £ € L}, then we call [/' | J']('^'^) 
a diagonal subminor of [/ | J] ^"'"'^ . Theorem 14.4.11 immediately implies the 
following, a strengthened version of the Goodearl-Lenagan conjecture. 

Corollary 4.5.1. Let q be a nonzero, non-root of unity and let K be an 

%-prime in Oq{M.rn,n{^))- Then K is generated, as a left and right ideal, 
by those quantum minors in K with no diagonal subminor in K . 

Acknowledgements 

The author is grateful to Ken Goodearl and for many helpful discussions, 
and Stephane Launois and Milen Yakimov for thoughtful comments. 

References 

[1] K. A. Brown and K. R. Goodearl, Lectures on algebraic quantum groups, Advanced 
Courses in Mathematics. CRM Barcelona, Birkhauser Verlag, Basel, 2002. 

[2] J. L. Bueso, J. Gomez- Torrecillas, and A. Verschoren, Algorithmic methods in non- 
commutative algebra: Applications to quantum groups, Kluwer University Press, 2003. 

[3] K. Casteels, A graph theoretic method for determining generating sets of prime ideals 
in quantum matrices. Journal of Algebra 330 (2011), 188-205. 

[4] G. Cauchon, Effacement des derivations et spectres premiers des algebres quantiques, 
J. Algebra 260 (2003), no. 2, 476-518. 

[5] , Spectre premier de Oq{Mn(k)): image canonique et separation normale, J. 

Algebra 260 (2003), no. 2, 519-569. 

[6] J. Geiger and M. Yakimov, Quantum schubert cells via representation and ring theory, 
http://arxiv.org/abs/1203.3780, 2012. 

[7] K. R. Goodearl, S. Launois, and T. H. Lenagan, Torus-invariant prime ideals in quan- 
tum matrices, totally nonnegative cells and symplectic leaves. Math. Z. 269 (2011), 
no. 1-2, 29-45. 

[8] , Totally nonnegative cells and matrix poisson varieties, Advances in Mathe- 
matics 226 (2011), no. 1, 779- 826. 
[9] K. R. Goodearl and T. H. Lenagan, Prime ideals invariant under winding automor- 
phisms in quantum matrices, Internat. J. Math. 13 (2002), no. 5, 497-532. 

[10] , Winding-invariant prime ideals in quantum 3x3 matrices, J. Algebra 260 

(2003), no. 2, 657-687. 

[11] K. R. Goodearl and E. S. Letzter, Prime and primitive spectra of multiparameter 
quantum affine spaces. Trends in ring theory (Miskolc, 1996), CMS Conf. Proc, 
vol. 22, Amer. Math. Soc, Providence, RI, 1998, pp. 39-58. 

[12] , The Dixmier-Moeglin equivalence in quantum coordinate rings and quantized 

Weyl algebras. Trans. Amer. Math. Soc. 352 (2000), no. 3, 1381-1403. 

[13] T. Lam and L. Williams, Total positivity for cominiscule grassmannians, New York 
Journal of Mathematics 14 (2008), 53-99. 

[14] S. Launois, Generators for T-L-invariant prime ideals in O q{Mrn,piSl)) , Proc. Edinb. 
Math. Soc. (2) 47 (2004), no. 1, 163-190. 

[15] , Les ideaux premiers invariants de Oq{Aim.p{C)), J. Algebra 272 (2004), 

no. 1, 191-246. 

[16] B. Lindstrom, On the vector representations of induced matroids. Bull. London Math. 
Soc. 5 (1973), 85-90. 

[17] A. Postnikov, Total positivity, grassmannians, and networks, 2006, 
http://arxiv.org/abs/0609764. 



54 



KAREL CASTEELS 



[18] KcUi Talaska, Combinatorial formulas for le- coordinates in a totally nonnegative 
grassmannian, Journal of Combinatorial Theory, Series A 118 (2011), no. 1, 58-66. 

[19] M. Yakimov, A proof of the goodearllenagan polynormality conjecture, To Appear in 
Int. Math. Res. Not. 

[20] , Invariant prime ideals in quantizations of nilpotent Lie algebras, Proc. Lond. 

Math. Soc. (3) 101 (2010), no. 2, 454-476. 



Department of Mathematics, University of California, Santa Barbara, South 
Hall, Room 6607, Santa Barbara, CA, USA, 93106 



